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Outline

¥Turbu|ence phenomenology

" Driving and dissipation

' Existence of an inertial range

' Steady states characterised by constant [3ux
¥ Driven dissipative systems

' Cluster-cluster aggregation

' Wave turbulence

' Sandpile models




Navier-Stokes equatior
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Euler Navier & Stokes
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Incompressibility =!' " v =0




Difbculties with NS eq
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Difbculties with NS eq
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Difbculties with NS eq
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Nonlinear Nonlocal
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Difbculties with NS eq

Nonlinear Nonlocal
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Difbculties with NS eq

Nonlinear Nonlocal
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Hence nonlocal




The Inertial term (example)

N

Drop inertial term; steady state
u = [u(y),0,0]




Example (cont)

ux(y) = ¢ sin(")y !

Delhi" Kanpur

h# 10m

400 km
u! 10°m/s Time takern# 3s !

Include inertial termu = u(gsin! ,h)! ~ 2ghsin!
u! 0.2m/s; Time taken! 20 day:




Inertial vs viscous (Reynolds numb

Y,
Tprvv=r P °V + fext

Characteristic length: L Characteristic speed: U

inertial U?/L UL
. ! I — " Re
viscous rUJ/L 2 U

Re > 1 : Inertial term dominates

Viscosity acts at small length scales




Increasing Re
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Energy conservation

OtV + vjé)jvi =1 gP + V@j@jvi

Multiply by vi;

— . . n . . . .

vi 1 2y, Vi " | I IRVA
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Integrate over space. Us&)v; =0
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Inertial range

Dissipation




Inertial range
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Inertial range

A " Inertial _D|SS|pat|on

Drive; Range
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Inertial range

A " Inertial Dissipation

Drive.  Range

> K
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Energy conserved In inertial range

Cascade mediated by inertial term




Energy Cascade
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Structure functions

v (0)
Z o) (r)
P

v 1 >(r)

Sn(r) = v (r)" v;(0)]"4

Sa(r)! rin, 14" r" L

What is !,,7




Kolmogorov theory (K41

Sn(r) = v (r)" v, (0)]"
S, =f1(,rL, "g)
Universality: S, = f (e, 1)
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5/3rd-Law
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Breakdown of K41

| |
o experiment
« DNS(512%)
%« DNS (1024%)

0.5 1.0
Order of moment, n

Chen et. al, JFM 2005




Breakdown of K41
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Breakdown of K41

1

0O experlme;lt

x DNS (5123

x DNS (1024)
— p—model (p1 =0.72)
_ — mean-field (f = 0.058)
.—.. mean-field (f = 0.05)

Relative difference from K41

Order of moment, »

Chen et. al, JFM 2005




The 4/5th-law

[Sg(’l“) — ![U” (T) ! Y|l (O)]S#: ! %'T]

Exact Result

Coincides with K41 (13 = 1)

| 3 independent of dimension




Derivation of the 4/5th-law
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Derivation of the 4/5th-law

Long

Landau Lifshitz
Frisch

Equations for correlation functions
do not close

Then, how come a 4/5-th law?




Derivation of the 4/5th-law

Key ingredients
W E +! «.J =0
Inertial range: J independent of k

Equation for J: 3 point correlations




Turbulent system: depPnitio

¥ Forcing length scale L

¥ Dissipation length scabé
¥ Inertial range dynamics conserves

¥ Transfer ofl is local [continuity eq]




Turbulent systems (example
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Question 1

s there a O4/5-th lawO for
any turbulent system?




Question 2

Can breakdown of Kolmogorov scaling
be shown for a OturbulentO system?




Why ask guestion 1

Equilibrium Nonequilibrium
Specify E (C) SpecifyW(C! CY)
Wt(C) ! exp[' ! E(C)] Wt(C)?

~ Wt(C)A(C)

“WH©) LA™

A" =

Finding patterns useful?




Why ask guestion 2

Throw light on 3uid turbulence?

Existence of multiscaling




End of Lecturel



Models of aggregation

4 )

Particles have mass, mit,2,..

Diffusion: D(m)

Aggregation:! (m1,my)

_ Input: I/




Models of aggregation(exam

River networks
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Models of aggregation(example

Surface growth




Models of aggregation(example

Coarsening




Analogy to turbulence

Forcing

- Forcing

Power (arbitrary units)
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Flux from small to big masses

IN (m)" # ave no. of particles of masan

(N(m1)...N(m,)) < S,




Heuristic Formula

¥ T :nonlinear coupling
¥& - [3ux carrying correlation function
¥ d : dimension in which Rux of | occurs

¥ p : spans d-dimensional space

o 1

1,J(p) = ' = d%pm T (p, p1

T p,! p1




4/5th Law

¥ d = d [spatial dimension]

¥p=k
| = (v(kp)V(ka)V(k3))
n=3

=1

| K 31

E[w (r)" v (0)°#$ rj




Time evolution

de(tm) - D!! 2N(m)!+ miol(m " mo),
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0 0

Constant Flux

| dm m!IN(m)"=J




Zakharov Transform
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IN(Km)N(Kmy)" =K' MIN(m;)N (my)"

. dmy! (mq, m2)(N (m1)N(m3))
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Unigueness

f(x)=1! x' ! (1! x)

0 - /O dm /O  dma! (ma, ma)! N(ma) N(ma)"

m' f (%) "(my+ ma # m)

' =2h! 21"




L 1"#S&

f (x) sign debnte for! £ 1




Locality
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Locality..

!>%("! u! 1)

l = 0In meanked

l = ¢c"when"=d;! d

Numerical simulations







L =100
L = 1000

L = 10000
exponent=-7/3
exponent=-4/3




CFR

E (p)| p! nd ! !]

¥d=1
¥p=m

L1 m"N(m)N(m)# (m)

n=3

(o




Comments

Reaction-diffusion systems: diffusion limited

D(m) ! %

one-point two-point




Constant [3ux relation

C(ml7°"7mn! 1) = IN(ml)N(mn' 1)"

C(pmg,...,pmy, 1) = p/C(My,..., m, 1)

(y:!!!n,inan@







Other models

¥ Charge Model
' Negative masses
' +m, INPUL
' no Bux In mass
' constant Bux In mass square
' mass square conserved amerage

" CFR can be worked out




Wave Turbulence

A collection of weakly interacting waves

H= dk[ (Ka.ax + u(k)]

"U

a'k:i-!(k)a(k)qu

3-ywave: u= dkidko! (k! ki ! K2)Tkk, k, [8kak,ak, + CC

. .
d-wave: uv= dKidkodKs! (K+Ky! Kol K3)Th kiiks ks Gk Gk, Gk, Qks + CC




Conservation Laws

¥ Total energy H
¥ 4-wave: wave action 'aj a"
¥ Possible to derive CFR for both currents

¥ Matches with heuristic formula




Sandpile models

¥ Directed abelian sandpile model

' Maps onto aggregation model € 0)

P(s1,82) ! "N(s1)N(s2)%




¥ Undirected abelian sandpile

' Edge avalanches




Summary

¥ Generalized Kolmogorov 4/5-th law

¥ Exact solution for some models




