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Outline

¥ Turbulence phenomenology

! Driving and dissipation

! Existence of an inertial range

! Steady states characterised by constant ßux

¥ Driven dissipative systems

! Cluster-cluster aggregation

! Wave turbulence

! Sandpile models



Navier-Stokes equation

Euler Navier & Stokes

!"
! t

+ ! .(" v ) = 0

Incompressibility =! " .v = 0

∂v
∂t

+ ( v .! )v = "!
P
ρ

+ ν! 2v + fext



DifÞculties with NS eq

! t vi + vj ! j vi = ! ! i P + "! j ! j vi + f i

0
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DifÞculties with NS eq

Nonlinear Nonlocal

! t vi + vj ! j vi = ! ! i P + "! j ! j vi + f i
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DifÞculties with NS eq

Nonlinear Nonlocal

! t vi + vj ! j vi = ! ! i P + "! j ! j vi + f i

! t! ivi + ! i(vj ! jvi) = ! ! i! iP + "! j ! j ! ivi + ! ifi

0 0 0

P(r ) =
1

4!

!
dr ′ " i vj " j vi (r ′)

|r ! r ′|

Hence nonlocal



The inertial term (example)

!

Drop inertial term; steady state

y

u = [ u(y), 0, 0]

P = P(y)

0 = !
" 2ux

" y2 + g sin(#)

ux (y) =
g
!

sin(" )y
!

h !
y
2

"

h



Example (cont) 
y

ux (y) =
g
!

sin(" )y
!

h !
y
2

"

!

h

Delhi "  Kanpur

!100m
400 km

h #  10m
$ #  10-6 m2/s

u ! 105m/s Time taken #  3s !!

Include inertial term: u = u(gsin ! , h) !
!

2ghsin !

u ! 0.2m/s ; Time taken ! 20 days



Inertial vs viscous (Reynolds number)

! v
! t

+ ( v .! )v = "! P + " ! 2v + fext

Characteristic length: L Characteristic speed: U

inertial
viscous

!
U2/L
! U/L 2 !

UL
!

" Re

Viscosity acts at small length scales

Re ! 1 : inertial term dominates



Increasing Re



Energy conservation
! t vi + vj ! j vi = ! ! i P + "! j ! j vi

Multiply by vi

! t
1
2

v2
i +

1
2

vj ! j v2
i = ! vi ! i P + " vi ! j ! j vi

! t
v2

i

2
+

1
2

! j (vj v2
i ) !

v2
i

2
! j vj = ! ! i (P vi ) + P! i vi + "! j (vi ! j vi ) ! "! j vi ! j vi

Integrate over space. Use! i vi = 0

! t E = ! "
!

! j vi ! j vi

= ! "
!

#2



Inertial range

k

!

Dissipation

η! 1
d



Inertial range

k

!

Dissipation

Drive

η! 1
dL ! 1



Inertial range

k

!

Dissipation

Drive
Inertial
Range

η! 1
dL ! 1



Inertial range

k

!

Dissipation

Drive
Inertial
Range

Energy conserved in inertial range

Cascade mediated by inertial term

η! 1
dL ! 1



Energy Cascade

Forcing

Dissipate

!

! d !
!

" 3

#

" 1/ 4



Structure functions

r

v(0)

v (r )
v|| (0)

v|| (r )

Sn (r) = ! [v|| (r) " v|| (0)]n #

Sn (r ) ! r ! n , ! d " r " L

What is ! n ?



Kolmogorov theory (K41)

Sn (r) = ! [v|| (r) " v|| (0)]n #

Sn = f (! , r, L, " d)

Universality: Sn = f (! , r )

[! ] = L 2T ! 3

Sn ! (!r)n/ 3

! n = n
3



5/3rd-Law

Forcing

Dissipate

S2(r ) ! r 2/ 3 or E(k) ! k! 5/ 3



Breakdown of K41

Chen et. al, JFM 2005
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Breakdown of K41

Chen et. al, JFM 2005



The 4/5th-law

S3(r ) = ! [v|| (r ) " v|| (0)]3#= " 4
5 ! r

Exact Result

Coincides with K41 (! 3 = 1)

! 3 independent of dimension



Derivation of the 4/5th-law

Long

Landau Lifshitz
Frisch
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Derivation of the 4/5th-law

Long

Landau Lifshitz
Frisch

Equations for correlation functions
do not close

Then,  how come a 4/5-th law?



Derivation of the 4/5th-law

Key ingredients

! t Ek + ! k .J = 0

Inertial range:  J independent of k

Equation for J: 3 point correlations



Turbulent system: deÞnition

¥Forcing length scale L

¥Dissipation length scale %d

¥Inertial range dynamics conserves I

¥Transfer of I is local [continuity eq]



Turbulent systems (examples)



Question 1

Is there a Ò4/5-th lawÓ for 
any turbulent system?



Question 2

Can breakdown of Kolmogorov scaling
be shown for a ÒturbulentÓ system?



Why ask question 1

Equilibrium Nonequilibrium

Specify E(C)

Wt( C) ! exp[" ! E (C)]

!A" =
!

Wt(C)A(C)
!

Wt(C)

Specify W (C ! C!)

Wt(C)?

!A"?

Finding patterns useful?



Why ask question 2

Throw light on ßuid turbulence?

Existence of multiscaling



End of Lecture 1



Turbulent system: deÞnition

¥Forcing length scale L

¥Dissipation length scale %d

¥Inertial range dynamics conserves I

¥Transfer of I is local [continuity eq]



Question 1

Is there a Ò4/5-th lawÓ ?



Question 2

Can breakdown of Kolmogorov scaling
be shown for a ÒturbulentÓ system?



Outline

Next 2 lectures

Solve 4 models
Heuristic formula

Last lecture

Show breakdown of Kolmogorov scaling



Models of aggregation

Particles have mass, m/m0=1,2,..

Input: J/m0

Diffusion: D(m)

Aggregation:                       ! (m1, m2)

! (! m1, ! m2) = ! ! ! (m1, m2)

}

D(m)
D(m0)

= m!

! (m1, m2) = ( m!
1 + m!

2 )f
!

m1

m2

"



Models of aggregation(examples)

River networks



Models of aggregation(examples)

Surface growth



Models of aggregation(examples)

Coarsening



Analogy to turbulence
Forcing

!

Flux from small to big masses

!N (m1) . . . N (mn)" # Sn

10-8

10-7

10-6

10-5

10-4

10-3

10-2

10-1

100

100 101 102 103 104 105

!N
(m

)"

m

# =  0.00

Forcing

Dissipate

!N (m)" # ave no. of particles of massm



Time evolution

dN (m, x)
dt

= D ! 2N (m, x) +
J

m0
! (m " m0),

" 2
! !

0
dm1

! !

0
dm2" (m1, m)N (m1, x)N (m, x)! (m1 + m " m2)

+
! !

0
dm1

! !

0
dm2" (m1, m2)N (m1, x)N (m2, x)! (m1 + m2 " m)



Time evolution

dN (m, x)
dt

= D ! 2N (m, x) +
J

m0
! (m " m0),

" 2
! !

0
dm1

! !

0
dm2" (m1, m)N (m1, x)N (m, x)! (m1 + m " m2)

+
! !

0
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! !

0
dm2" (m1, m2)N (m1, x)N (m2, x)! (m1 + m2 " m)

Take average
d!N (m, x)"

dt
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J
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! (m $ m0),

$ 2
! !

0
dm1

! !

0
dm2" (m1, m)!N (m1, x)N (m, x)"! (m1 + m $ m2)

+
! !

0
dm1

! !

0
dm2" (m1, m2)!N (m1, x)N (m2, x)"! (m1 + m2 $ m)



Time evolution

dN (m, x)
dt

= D ! 2N (m, x) +
J
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Time evolution

dN (m, x)
dt

= D ! 2N (m, x) +
J

m0
! (m " m0),

" 2
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0
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0
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! (m $ m0),

$ 2
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0
dm1

! !

0
dm2" (m1, m)!N (m1, x)N (m, x)"! (m1 + m $ m2)

+
! !

0
dm1

! !

0
dm2" (m1, m2)!N (m1, x)N (m2, x)"! (m1 + m2 $ m)

0

m>m0



Time evolution

dN (m, x)
dt

= D ! 2N (m, x) +
J

m0
! (m " m0),

" 2
! !

0
dm1

! !

0
dm2" (m1, m)N (m1, x)N (m, x)! (m1 + m " m2)
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0
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0
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! !

0
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0
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+
! !

0
dm1

! !

0
dm2" (m1, m2)!N (m1, x)N (m2, x)"! (m1 + m2 $ m)

0 0

m>m0



Time evolution

dN (m, x)
dt

= D ! 2N (m, x) +
J

m0
! (m " m0),

" 2
! !

0
dm1

! !

0
dm2" (m1, m)N (m1, x)N (m, x)! (m1 + m " m2)
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0
dm1

! !

0
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! (m $ m0),
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0
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0
dm1

! !

0
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0 0

m>m0

Steady State



Time evolution

dN (m, x)
dt

= D ! 2N (m, x) +
J

m0
! (m " m0),

" 2
! !

0
dm1

! !

0
dm2" (m1, m)N (m1, x)N (m, x)! (m1 + m " m2)

+
! !

0
dm1

! !

0
dm2" (m1, m2)N (m1, x)N (m2, x)! (m1 + m2 " m)

Take average
d!N (m, x)"

dt
= D# 2!N (m, x)" +

J
m0

! (m $ m0),

$ 2
! !

0
dm1

! !

0
dm2" (m1, m)!N (m1, x)N (m, x)"! (m1 + m $ m2)

+
! !

0
dm1

! !

0
dm2" (m1, m2)!N (m1, x)N (m2, x)"! (m1 + m2 $ m)

0 0 0

m>m0

Steady State



Zakharov Transform
0 = !

! !

0
dm1

! !

0
dm2! (m1, m)"N (m1)N (m)#" (m1 + m ! m2)

!
! !

0
dm1

! !

0
dm2! (m2, m)"N (m2)N (m)#" (m2 + m ! m1)

+
! !

0
dm1

! !

0
dm2! (m1, m2)"N (m1)N (m2)#" (m1 + m2 ! m)

(m1, m2) !
!

mm!
1

m!
2

,
m2

m!
2

"

(m1, m2) !
!

m2

m!
1

,
mm!

2

m!
1

"

m

1

m2

m
1

m
2

!( m

)

" 

"

m 2
m 1

!(

)
m"

" 

m 2

m 1
!(

)

"
m" 

m m

! (m1 + m ! m2) " !
!

mm1

m2
+ m !

m2

m2

"

" !
#

m
m2

(m1 + m2 ! m)
$

Jacobian =
!

m
m 2

" 3



Zakharov Transform

(m1, m2) !
!

mm!
1

m!
2

,
m2

m!
2

"

(m1, m2) !
!

m2

m!
1

,
mm!

2

m!
1

"

m

1

m2

m
1

m
2

!( m

)

" 

"

m 2
m 1

!(

)
m"

" 

m 2

m 1
!(

)

"
m" 

m m

! (m1 + m ! m2) " !
!

mm1

m2
+ m !

m2

m2

"

" !
#

m
m2

(m1 + m2 ! m)
$

Jacobian =
!

m
m 2

" 3

∫ !

0
dm1

∫ !

0
dm2

(
m
m2

)2

!
(

mm1

m2
, m

)
!N

(
mm1

m2

)
N (m)"" (m1 + m2 # m)



Zakharov Transform
∫ !

0
dm1

∫ !

0
dm2

(
m
m2

)2

!
(

mm1

m2
, m

)
!N

(
mm1

m2

)
N (m)"" (m1 + m2 # m)

!
!

mm1

m2
, m

"
=

!
m
m2

" !

! (m1, m2)

N
!

mm1

m2
, m

"
=

!
m
m2

" h

N (m1, m2)



Zakharov Transform
∫ !

0
dm1

∫ !

0
dm2

(
m
m2

)2

!
(

mm1

m2
, m

)
!N

(
mm1

m2

)
N (m)"" (m1 + m2 # m)

!
!

mm1

m2
, m

"
=

!
m
m2

" !

! (m1, m2)

N
!

mm1

m2
, m

"
=

!
m
m2

" h

N (m1, m2)

! !

0
dm1

! !

0
dm2

"
m
m2

# 2+ ! + h

! (m1, m2) !N (m1) N (m2)"" (m1 + m2 # m)



h = ! 3 ! !

Zakharov transform (cont)

0 =
! ∞

0
dm1

! ∞

0
dm2! (m1, m2)!N (m1)N (m2)"

"

1 #
#

m
m1

$ h+ ! +2

#
#

m
m2

$ h+ ! +2
%

" (m1 + m2 # m)

h+ ! + 2 = ! 1

!N (m1)N (m2)" # 1
(m 1 m 2 ) (3+ ! ) / 2 in all d



Uniqueness

f (x) = 1 ! x! ! (1 ! x)!

0 =
! ∞

0
dm1

! ∞

0
dm2! (m1, m2)!N (m1)N (m2)"

"

1 #
#

m
m1

$ h+ ! +2

#
#

m
m2

$ h+ ! +2
%

" (m1 + m2 # m)

0 =
! !

0
dm1

! !

0
dm2! (m1, m2)!N (m1)N (m2)"

f
"

m
m1

#
" (m1 + m2 # m)

! = h + " + 2



f (x) sign definite for ! != 1

-0.7

-0.6

-0.5

-0.4

-0.3

-0.2

-0.1

 0

 0.1

 0.2

 0.3

 0  0.2  0.4  0.6  0.8  1

f(
x)

x

! !"!#$%

! !"!#$&

! !"!'$(

! =1 is the only solution



Locality
0 = !

! !

0
dm1

! !

0
dm2! (m1, m)"N (m1)N (m)#" (m1 + m ! m2)

!
! !

0
dm1

! !

0
dm2! (m2, m)"N (m2)N (m)#" (m2 + m ! m1)

+
! !

0
dm1

! !

0
dm2! (m1, m2)"N (m1)N (m2)#" (m1 + m2 ! m)



Locality

I =
! !

1
dx
x

Let x =
!

y

dx = dy
2

!
y

I =
! !

1

dy
2
!

y
!

y
=

! !

1

dy
2y

I =
I
2

0 = !
! !

0
dm1

! !

0
dm2! (m1, m)"N (m1)N (m)#" (m1 + m ! m2)

!
! !

0
dm1

! !

0
dm2! (m2, m)"N (m2)N (m)#" (m2 + m ! m1)

+
! !

0
dm1

! !

0
dm2! (m1, m2)"N (m1)N (m2)#" (m1 + m2 ! m)



Locality

! (m1, m2) ! mµ
1 m!

2 , m2 " m1

!N (m1)N (m2)" = (m1m2)! h/ 2!
!

m1

m2

"

h
2

! [" + 1 ! #, µ + 2 + #]

! (x) ! x! , x " 0

0 = !
! !

0
dm1

! !

0
dm2! (m1, m)"N (m1)N (m)#" (m1 + m ! m2)

!
! !

0
dm1

! !

0
dm2! (m2, m)"N (m2)N (m)#" (m2 + m ! m1)

+
! !

0
dm1

! !

0
dm2! (m1, m2)"N (m1)N (m2)#" (m1 + m2 ! m)



Locality

! = 0 in meanÞeld

! = c" when " = dc ! d

Numerical simulations

! >
1
2

(" ! µ ! 1)

µ + 2 + ! > " + 1 ! !



10-14

10-12

10-10

10-8

10-6

10-4

10-2

100

102

100 101 102 103 104 105

! 
"(

m
)#

m

$  = 0.00
$ = -0.10
$ = -0.25
$ = -0.50

! ! 0



10-8
10-6
10-4
10-2
100
102
104
106
108

1010

10-4 10-3 10-2 10-1 100 101 102 103 104 105

!"
(m

)# 
L7/

3

m1.5/L

L = 100
L = 1000

L = 10000
exponent=-7/3
exponent=-4/3



What happened to D(m)?

Conventional wisdom

An example: A + A "  A

t

! t " (x, t ) = D ! 2" (x, t ) " #P(" , " )

Mean Þeld: D"&

! (t) =
! 0

1 + ! 0" t
!

1
" t

, t " #

L t ! (! t)1/d

L d !
"

Dt

Ginsburg criteria: 1 ! L t
L d

" t1/d ! 1/ 2 MeanÞeld when d >2



Diffusion limited

d < dc : Diffusion limited

10-9

10-8

10-7

10-6

10-5

10-4

10-3

10-2

10-1

100

101

100 101 102 103 104 105

! 
N

(m
) "

m

# =-0.25
# =-0.10
# = 0.00
# = 0.75



What happened to D(m)?

10-12

10-10

10-8

10-6

10-4

10-2

100

102

100 101 102 103 104

! 2
(m

)

m

"  =  0; # =  0.0
"  =  0; # = -0.5

100

10-2

10-4

10-6

104102100

$N
(m

)%
m

" =0;#= 0.0
" =0;#=-0.5

! (m1, m2) = c

D(m) = D or D(m) ! 1!
m



n-ary collisions

N (! m1, . . . , ! mn ! 1) = ! h N (m1, . . . , mn ! 1)

h = ! ! ! n in all d



10-14

10-12

10-10

10-8

10-6

10-4

10-2

100

100 101 102 103 104 105

! 
"(

m
)#

m

$  = 0.00

n=4 



10-14

10-12

10-10

10-8

10-6

10-4

10-2

100

100 101 102 103 104 105

! 
"(

m
)#

m

$  = 0.00
local

! (m1, m2, m3) = (m!
1 + m!

2 + m!
3 )f

!
m1

m2

"
f

!
m2

m3

"
f

!
m3

m1

"

n=4 



Monte Carlo simulations

Denote conÞgurations by ! , '

Rates: R! ! "

dP(! , t)
dt

= !
!

!

R" ! ! P(! , t) +
!

!

R! ! " P(" , t)

Master equation

How to mimic on a computer?

Suppose system is in state !
Enumerate all states '  into which it can evolve



Monte Carlo simulations

Suppose system is in state !

Enumerate all states ' , !  can evolve into

Total rate R(t) =
!

! R" ! !

Any of these '  can be chosen

Probability = R ! ! "

R ( t )

Increment time by ( t

Probability ( ! t) = Re! R ! t



Monte Carlo (example)

R(t) =
!

i

r i

Let there be ni particles at site i

Masses denoted bymi,j , j = 1 , . . . , ni

r i =
J

m0
+ Dn i +

n i ! 1!

j =1

n 1!

k= j +1

K (mi,j , mi,k )



End of Lecture 2



Summary

S3(r ) = ! [v|| (r ) " v|| (0)]3#= " 4
5 ! r

!N (m1)N (m2)" # 1
(m 1 m 2 ) (3+ ! ) / 2 in all d

Aim: Generalise



Constant ßux relation

¥Forcing length scale L

¥Dissipation length scale %d

¥Inertial range dynamics conserves I

¥Transfer of I is local [continuity eq]

Turbulent system



CFR

¥T : nonlinear coupling

¥d : dimension in which ßux of I occurs

¥p : spans d-dimensional space

¥Continuity equation

! pJ (p) = ! ú" I =
∫ n ! 1∏

m =1

ddpm T(p,p1, . . . , pn ! 1)!

)  is ßux carrying correlation function



CFR
¥d : dimension in which ßux of I occurs

¥p : spans d-dimensional space

T(! p, ! p1, . . . , ! pn ) = ! ! T(p,p1, . . . , pn )

! (p) ! p! nd ! !

! pJ (p) = ! ú" I =
∫ n ! 1∏

m =1

ddpm T(p,p1, . . . , pn ! 1)!

Dimensional analysis
[J ] = [ pdn ][T ][! ]

Constant ßux =! [J ] = p0



Example: 4/5th law

n = 3

! = 1

! ! k! 3d! 1

! [vl (r ) " vl (0)]3#$ r

! v! (k) =
!

p

M !"# v" (p)v# (k ! p) ! " k2v! (k)

! (p) ! p! nd ! !

d = d(spatial dimensions)

p = k

! = !v(k1)v(k2)v(k3)"! (k1 + k2 + k3)



Example: aggregation model

n = 3

! (p) ! p! nd ! !

p = m

d = 1 mass space

! = !

0 =
! !

dm1dm2(m1, m2)!mN (m1)N (m2)"! (m1 + m2 # m) + . . .

! ! m"N (m)N (m)#! (m)

CFR: m!N (m)N (m)"��(m) # m! 3! !

!N (m)N (m)" # m! 3! !



Sandpile models(defn)

toppling slides



Sandpile models(defn)

Deterministic model

Stochastic model

Sticky model



s1
s2

÷P(s1, s2) ∼ 〈N (s1)N (s2)〉

Two-avalanche



Deterministic

x

t

A B
x

t

A B

(a) (b)

Explain on board



Deterministic

10-20

10-16

10-12

10-8

101 102 103 104 105

P 1
(s

,s 1
)

s

(a)

s1=s
s1=s! 2
s1=2s
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10-16
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10-8

101 102 103 104 105

P 2
(s

,s 1
)

s

(b)

s1=s
s1=s! 2
s1=2s



Stochastic

10-20

10-16

10-12

10-8

101 102 103 104 105

P 1
(s
,s 1
)

s

(a)

s1=s
s1=s! 2
s1=2s

10-20

10-16

10-12

10-8

101 102 103 104 105

P 2
(s
,s 1
)

s

(b)

s1=s
s1=s! 2
s1=2s



Sticky

10-20

10-18

10-16

10-14

10-12

10-10

10-8

10-6

10-4

101 102 103 104 105

P 1
(s

,s 1
)

s

s1=s
s1=s! 2
s1=2s



Wave turbulence

A collection of weakly interacting waves

H =
!

dk [! (k)a!
k ak + u(k)]

úak = i
!
! (k)a(k) +

"U
"a!

k

"

3-wave:

4-wave:

u =
!

dk1dk2! (k ! k1 ! k2 )Tk ;k1 ,k 2 [a!
k ak 1 ak 2 + cc]

u =
!

dk1dk2dk3! (k + k1 ! k2 ! k3 )Tk,k1 ;k2 ,k 3

"
a!

k a!
k 1

ak 2 ak 3 + cc
#



¥Drive at intermediate k

¥Dissipate at large, small k

¥Steady state

¥Cascade

Wave turbulence



Examples of dispersion relations

H g

* gas

liquid

solid

c = c(H, ! , g," , #)

[! ] = L

[ρλ3] = M

[
!

! /g ] = T c
!

g!
= f

(
H
!

,
"

#! 2g

)

Very deep water: H
! ! "

c
!

g!
= f

!
"

#! 2g

"

! not important = ! c = K
"

g"

g not important = ! c = KÕ
!

! / ("# )

Shallow water

c = K 1

!
gH



Conservation Laws

Total energy H

4-wave: wave action
!

!a!
k ak "



Two cascades

N, !

N1, ! 1 N2, ! 2
N1 + N2 = N

N1! 1 + N2! 2 = N !

N1 =
N (! 2 ! ! )

! 2 ! ! 1

N2 =
N (! ! ! 1)

! 2 ! ! 1

ω2 ! ω1, then N1 " N and N2ω2 " N ω



Two cascades

N, !

N1, ! 1 N2, ! 2
N1 + N2 = N

N1! 1 + N2! 2 = N !

N1 =
N (! 2 ! ! )

! 2 ! ! 1

N2 =
N (! ! ! 1)

! 2 ! ! 1

ω2 ! ω1, then N1 " N and N2ω2 " N ω

wave action energy



Wave turbulence (CFR)

Calculation of CFR: exercise

Work with ultra local kernel in one dimension

One correlation function for wave action

Another for energy

Results should match with heuristic formula



Burgers equation
! t u + u! x u = "! 2

x u

Example: describes clustering in
inelastic particle problem

Interface growth problem: KPZ

CFR and bifractal?



Summary

¥Inertial range and conservation law

¥current independent of scale

¥correlation functions are Þxed

¥examples are many


