N-body Simulation
A Case Study
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COCC N-body problem

The Supsroompating Peopls

Case Study - M-body Sirmulation

+ There are N bodies with point mass my, m,, ..
+ "Point mass” means the bodies are approximated as single
points with the given mass

+ Each pair of bodies are attracted by gravitational force
of magnitude
- F = émm;/d?, where
d is the distance between the points
G = 6.67x101'm%%kg-1s-? is Newton's gravitational constant
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CDCC Variations

The Supsroompating Peopls

Case Study - M-body Sirmulation

+ Molecular dynamics, particles are atoms
+ Charged particles, coulomb force
+ Fluid dynamics, particles are droplets
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@ ca N-body calculations
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Case Study - M-body Sirmulation

Force is mass x acceleration (F=ma)
Acceleration is force/mass
Acceleration is also change in velocity

50 net acceleration of the points can be obtained by

- Computing for each point i, the vector sw» over all other
points j of Gm,/d?

+ Euler's method of N-body calculations

- Given the acceleration, we can compute the change in
vector velocity for a small time-step

- Given the vector velocity, we can compute the new
position for a small time-step
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COCC N-body computational complexity
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Case Study - M-body Sirmulation

+ The computation of acceleration for a single point is O(n)
+ The computation for N points is O(n%)

+ This computation must be repeated each time step

+ For large N, this can be significant
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COCC Gravitational N-Body problem

The Supsroompating Peopls

Case Study - M-body Sirmulation

+ Comprises N bodies, each body characterized by
- Position p (x, v, 2)
- Velocity v {x, v. Z)
- Mass m, and
- Force F (%, v. 2)

+ Gravity causes the bodies to accelerate and to move

- Each body attracted to each other body by gravitational
forces

- Movement of each body predicted by calculating total
force on each body
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@ e a N-Body simulation

upsroompiting Poopls

CCISE; S’rl_u:I*;.-r f-body Sirmulation

Motion of the bodies simulated by stepping through
discrete instants of time
initialize bodies;
for time step |
calculate forces; // read p, m; compute F

move bodies; // read F, m; compute new p and v
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CICC Calculate Forces

The Supsroompating Peopls

Case Study - M-body Sirmulation

+ Force on a body is vector sum of the forces from all

other bodies

- Magnitude of gravitational force between bodies i and j
Flidl = (¢ ™ m[]] ™ m[j]) / r[ijl*

- Magnitude is symmetric ("equal and opposite")

- Direction represented by vector from one body to other
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CDCC Move Bodies

The Supsroompating Peopls

Case Study - M-body Sirmulation

+ Changes in velocity and position (moving a body) -
leapfrog scheme
- Acceleration: a=F /m
- Change in velocity: dv = a * DT
- Change in position
+dp = v * DT + (0/2)"DTZ ~~ (v + dv/2) * DT
* Here DT - the length of a time step
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COCC Possible algorithms for N-body simulations

The Supsroompating Peopls

Case Study - M-body Sirmulation

Use of brute force
- n particles will require O(n?) calculations on a time step

- Example, a galaxy containing 10! stars will takes 10%years
for one iteration

+ Assuming each calculation takes 1 ms

Alternative method is to use Barnes-Hut algorithm
- Uses approximations

- Time can be improved to O(nlog,n)

- Most scientists use it for N-Body simulation

- It will take around one year for one iteration for above
simulation

- For live demo of Barnes-Hut N-body algorithm see:
http://www.cs.cmu. edu/~scandal/applets/bh. html
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COCC Barnes-Hut algorithm for N-body simulation
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Case Study - M-body Sirmulation

* Groups nearby bodies and approximates them as a single body
Formally, if two bodies have positions (x;, ¥;) and {x,, ), and
masses m; and m., then their total mass and center of mass
(X, ¥) are given by:

m:=m, +m,
X = (xymy + xm,) /m
¥y = (yamy + ym;) /m

+ It recursively divides the set of bedies into groups by storing

them in a quad-tree

Distant cluster .~ ™,
: [
of bodies ¢ :" .

.'\I.
L]

Center of mass

Body of interest
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Case Study - M-body Sirmulation

Grouping bodies in quad tree

Each node represents region of the two dimensional space
Topmost node represents the whole space

- Its four children represent the quadrants of space

- 5Space recursively subdivided inte quadrants until it contains 0 or 1 beodies

External node (leaf node) represents single body
Internal node represents group of bodies beneath it

- And stores center-of-mass and total mass of all its children bodies
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@ ca Calculating force acting on a body 4

The Supsroompating Peopls

Case Study - M-body Sirmulation

Traverse nodes of the quad tree, starting from the root

* If current node is an external node (and is not body b)
- Add force exerted by it on & to 5'c net force

* If current node is an internal node
- Caoleulate the ratie s/ where
* = is width of the region represented by internal node
* dis distance between the body and the node's center-of-mass
- If s/d < B (internal node is sufficiently far away)

* Treat this internal node as single body

- Having position and mass as group's center of mass and total mass,
respectively

* Add force it exerts on body b 7o b's net force

Else, run the procedure recursively on each of the current
node's children
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COCC An example
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Case Study - M-body Sirmulation

1. First node is a root node
s/d = 100/55.7 » 8 = 0.5 50 perform recursive process on each root's child
First child is body o itself; So don't do anything
3. An internal node containing center-of-mass of bodies 4, ¢, and o
s/a = 530/77.4 » 8; 50 recursively calculate force exerted by node's only child

4. Another internal node, containing center-of-mass of bodies 4, ¢, and &
s/d = 25/77.4 < 0

Treat node as single body, add force it exerts on body & to a's net force
2. HNext child is an external node containing body ¢
Add pairwise force between a and ¢ to a's net force
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CICCrarallel formulation of the Barnes-Hut algorithm
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CIDCC schematic of the parallel Barnes-Hut algorithm

The Supsroompating Peopls

Case Study - M-body Sirmulation

I Initialize data structures, read and assign particles to processors

2. Construct local trees, cnmipufe center of mass info, merge trees
3. All-to-all broadcast of tree nodes at top levels

4. High level force cnmpufu’rirnns

5. All-to-all personalized communication of particle data

6. Low-level force cnmpu’ru’ri;:urns
£ All-to-all personalized communication of forces

1 .
8. Accrue forces and move particles

-
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CICC  Brute-Force parallelization of the N-Body problem

The Supsroompating Peopls

Case Study - M-body Sirmulation

Assume, shared memory programming model

+ Parallelization - divide bodies among workers use a
barrier after each phase
initialize bodies:
for time step {
calculate forces:
BARRIER; /* Check if it's really needed */
move bodies:

BARRIER;
}
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