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Introduction: Ultracold Fermi atomic gas

Fermi atoms (°Li, “°K) are trapped in a magnetic/optical
potential, and are cooled down to <O(uK), where various
guantum phenomena appear, such as superfluidity.

» Highly clean system

» High-tunability of various parameters
m Interaction strength

m |attice effects (optical lattice)

m  density

m temperature

m statistics (Bose, Fermi)

Quantum simulator for the study of

N =10* ~10° _ _
trap potential complicated many-body phenomena



Fermion Superfluidity in “°K and °Li Fermi gases (2004) ‘
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Fermion Superfluidity in “°K and °Li Fermi gases (2004) ‘
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Fermion Superfluidity in “°K and °Li Fermi gases (2004) ‘
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Fermion Superfluidity in “°K and °Li Fermi gases (2004) ‘

|19/2,-7/2>+|9/2,-9/2 >
T =0.35uK
N ~10°

C. A. Regal, etal. PRL 92 (2004) 040403.

0.4
05 %

AB (gauss) 08

C.A. Regal, etal. PRL 92 (2004) 040403,

T /T. ~0.08—0.2>>10"*-10"(metal)

Key words to understand this atomic Fermi superfluid

» Feshbach resonance

» BCS-BEC crossover
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Essence of BCS-BEC crossover

Bose-Einstein condensation (BEC) of an ideal Bose gas
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Essence of BCS-BEC crossover

Bose-Einstein condensation (BEC) of an ideal Bose gas
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BEC occurs, when the guantum size of a particle reaches the inter-particle distance.



Essence of BCS-BEC crossover

LT e > &7
TITe| o F

weak U Pairing interaction between Fermi atoms strong L]
BCS BEC

. ’(?\
B i3
0
0,?5\4;20
137 ety C

weak U



Phase diagram of ultracold Fermi gas

T/Te

weak U Pairing interaction between Fermi atoms strong U
BCS BEC



Phase diagram of ultracold Fermi gas
P unitarity limit
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Phase diagram of ultracold Fermi gas
P unitarity limit
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Phase diagram of ultracold Fermi gas
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Neutron Star = “extreme state of matter in the universe”

Radius~10 Km
Mass~Solar mass



Current understanding (?) of neutron star interior

/
Neutron star ——— P Po

outer crust | <0.001  Fe ions with drip electrons

innercrust| <0.5  Nuclei with drip neutrons

outer core 2 Neutron liquid ( > 95%) \

<
Hyperons (A2, £ 7))
inner core >2 n-condensate, quark matter?
Neutron-superfluid ? ——
T e

T T T N
p (10%*gem™®)

. strongly-correlated many-body
system with very high density

10"F
- critical
temperature

Rt

p<5~10p,
T ﬂ Ko Takatsuka (1972)
nuclear saturation density =0.16fm-3 100 ———— e




Phase shift

Neutron star as a strongly correlated Fermi system

N-N interaction channels

§ [deg]

20

Neutron-neutron s-wave scattering length

al" =-18.5fm

-40 ! !

Low Density

A. Gezerlis, et al, arXiv : 1406.6109v2

outer crust

inner crust

outer core

inner core

T/T. <<1
» Neutron superfluid

NNy-1 | (typical value)
- (kea, ) =0.05 <<1! of k~1fm-L

]

Fermi gas near the unitary limit
mmm) Many-body effects are important!




Where are neutron stars?




The best way: Boldly go where no one has gone before!
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Current practical approach by human beings

Neutron star

1

outer crust

inner crust

outer core

Inner core

Obserbavle! Obserbavle!
experimentalists on the earth

theorists on the earth

(Equation of state (EoS)\

1

Internal structure

\_ J
+

TOV eq.

(Tolman-Oppenheimer-Volkoff)

!

“Mass-radius (MR)” relation




Standard approach to “Neutron star E0S”

Phase shift data of NN interaction
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<

effective interaction potential with
“32” fitting parameters (AV18)

<

QMC, variational calculation, ....

EO0S in the intermediate density region
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Importance of MR-relation: “two-solar mass” problem

EoS+TOV—MR relation
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Demorest, Nature 467 (2010) 1081

precise determination of neutron star
mass by using the Shapiro-delay effect




Importance of MR-relation: “two-solar mass” problem

EoS+TOV—MR relation

precise determination of neutron star
mass by using the Shapiro-delay effect

o

M =1.97M

- _ Too heavy!!
© 0 e ¢ [EOSWIth RYPerons | |« solar-mass problem”

Demorest, Nature 467 (2010) 10&\

Softening of neutron star by A-hyperons
expected in the inner core (p > 2p, )
suppresses the upper limit of neutron
star mass down to below 2M .

This problem requires us to re-consider the neutron star EoS....



Approach to neutron star interior from the earth |

N

many-body physics > few-body physics

Experimental support
Theoretical challenge phase shift data—AV18)
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Approach to neutron star interior from the earth |
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Approach to neutron star interior from the earth |
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EoS observed in the “neutron-star regime” of a superfluid °Li Fermi gas

== —— BCS-Leggett (mean field theory)
l ~
0.8 | ,
T/T; Fermi gas E 4 Molecular
N\ E .~ Bose gas
Luoo'6' SLi (experiment) ° . o LS4 &9
D = ° E,,’ 'S IS .
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02+ :
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Usually, it is believed that the BCS-Leggett theory (consisting of the mean-
field BCS gap equation and the BCS number equation) can describe the
BCS-BEC crossover at T=0. However, this result clear shows that, even at
T=0 (where thermal fluctuations are absent), strong-coupling corrections
beyond the mean-field level are crucial.




Crucial difference between cold Fermi gas and neutron star

(
! The magnitude of effective range r.is VERY
! different between the two systems.

\

ultracold Fermi gas neutron star

p.r, ~ 0 < 2 Pl <3
(r, =2.7fm)

We need to theoretically include effects of a finite
effective range r,, to approach neutron star EoS
starting from cold Fermi gas physics.




Our strategy to reach neutron star

We first construct a reliable strong-coupling theory which can quantitatively explain

the observed EoS in a superfluid °Li Fermi gas. We then extend this theory to
include a finite effective range (r,=2.7fm), to examine to what extent we can

discuss the neutron star EoS in the low density (crust) region by this novel approach.
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Today’s talk

Strong-coupling properties of an ultracold Fermi gas in the BCS-BEC
crossover region and application to neutron-star E0S”

Fermi atomic gas (°Li, 4°K)
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BCS-BEC crossover in a gas of Fermi atoms

T/T;|

with a Feshbach resonance
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Formulation: model ultracold Fermi gas (T > T,)

_ T
H = Z(g )CIOG po -U Z Cp+q/2TC p+q/2¢C +q/2¢Cp ‘+q/21
p.p'q

» uniform gas Is assumed.

» O :two atomic hyperfine states = pseudospin 1,|

» U : effective pairing interaction associated with the F.R.

. = U
g/' \ﬂ

Feshbach resonance We treat U as a tunable parameter.



Strong-coupling Formalism: Nozireres-Schmitt-Rink (NSR) ‘

T.: Thouless criterion

G 1

lo— (&, —
T R R . (6, — 1) R
l > > > >
fermion

pole of /"at q=w =0 ===p T_-equation
tanhg(gID — 11)

1:UZp: 2(e,— 1)

u remarkably deviates from the Fermi
energy in the BCS-BEC crossover.



Strong-coupling Formalism: Nozireres-Schmitt-Rink (NSR) ‘

Thermodynamic potential: Q= Q,,-+Qq

0Q2 —) We solve the number equation (N), together with the
T.-equation, to determine T, and p self-consistently.

0Q 0Q
E=Q-T ( T j —,U(—) ‘ Thermodynamic quantities
V,u V., T

ou
! ok
Cv :(a—Tl
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Self-consistent solutions for T, and p(T,)
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Specific heat C, in the BCS-BEC crossover above T,
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Phase diagram of an ultracold Fermi gas in the crossover region
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Comparison with recent experiment on a °Li Fermi gas

3 + 6Li | (kFas)'1=0l (unitarity limit) |
7 _—0ur result (NSR)
2l BCS -
< |
~
> 1! %HM“HH** bbbt ¢4
0L 1 |

1/T¢

6Li data: M. Ku, et al., Science 335, 563 (2012).



Pseudogap phenomenon in the BCS-BEC crossover region

Normal-state density of states

T=T :A=0!
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Dissociation energy of preformed
Cooper pair above Tc.

Photoemission spectrum

—| Experiment (*°K)
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Y. Sagi, et al, PRL 114, 075301

Ota, Ohashi et al, PRA (2016)




X/Xo

Spin-gap @
05 | ‘/\\OQ

Spin-gap phenomenon in the BCS-BEC crossover region

calculated spin-susceptibility

k -1 =-0.35
06 ( Fas) | |

0.55 ¢ ®

0.45 I/ &3 ﬁ

Tajima, et al., PRA 89 (2014) 033617

01§02 0.3 0.4 0.5
Tc T/TF

Theory _

Formation of spin-singlet preformed
pairs suppresses spin susceptibility.

Ve

0.8

0.6

0.4

0.2

0

Observed susceptibility (°Li)

T =T ((k.a,)" =-0.35)

i 1 —— theory |
§\+\ ® L

T>T, §
normal state ®
— ] ] ] | 1
1.5 -1.0 0.5 0 0.5 1.0

{ ft.’l:(ﬁ{,,- )- 1

6Li data: Sanner et.al, PRL 106 (2011) 010402
Theory: Kashimura et al., PRA 86 (2012) 043622



Comparison with spin-gap and pseudogap |
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Superfluid properties of an ultracold Fermi gas in
the BCS-BEC crossover region
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Model ultracold Fermi gas (normal state)

BCS Hamiltonian

H = Z(g _'U)CIOU po -U Z Cp+q/2T p+q/2¢C—p +q/2¢C '+q/2%

P.p'q
@ c, : Fermi atom (1] : pseudospins describing atomic hyperfine states)
_ .. Ara,
e U : tunable s-wave pairing :

m  1- uy 72/(25)



Model ultracold Fermi gas (superfluid state)

BCS Hamiltonian in the Nambu representation

=3 91 [(6 - )-8 ]9, - T [ 2 @p )+ 22(@)p(-0)]

q

C
@ v :[ Pt ]: Nambu field (1 ] : pseudospins describing atomic hyperfine states)

e A : superfluid order parameter

Ara,
m  1- UZ Vs /(25)

e p(q)= Z yp\PZHq,zrj‘Pp_q,z : generalized density operator
Y

e U : tunable s-wave pairing i

1 2
= =P [ =——>0 p, =
J1+(p/p.)? P,



Inclusion of strong coupling corrections beyond mean-field BCS theory

e normal phase (T >T,): “pairing” fluctuations

e A 1T

e superfluid phase (T <T,): fluctuations of “A”
U
{ H = Z\Pg [(5p — )7, _Afiilqu _EZ[pl(q)pl(_q) +0,(0) o, (—CI)] }
Y

qamplitude fluc. phase fluc.

(2) phase fluctuations

(€ - ({(po) (o)
(( AQ'@ — ”‘£<p2pl> <p2p2>]
(1)-(2) coupling

(1) amplitude fluctuations



Construction of Gaussian fluctuation (NSR) theory below Tc

Thermodynamic potential: Q = Q. +Qq
Que = Qnij + Q O-I—O + -
) ZT{%@%G(N )7pT,G(IO——)}
Number Equation
A 1
G =
0Qauc (P) lo, — (&, — ()75 + Aty
N = Nyr — an
V., T
Internal Energy
;———- ................
- Solve A and u

SEEEzzEEsEEEEEEEEEEES

Yl Gap Equation

aQﬂuc
3| |E = Eyr + Qque — T oT V”_IJ

a-Qfluc
ou

B

Ara,
-y

tanh(E /2T) 1
2

|

E =& +A°




Self-consistent solutions for A and p in the crossover region

superfluid order parameter Fermi chemical potential

r, = 0(cold atom) r, = 0(coldatom)




EoS: Superfluid Fermi gas |
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EoS: Superfluid Fermi gas

| S — | ' ' | BCS-Leggett
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0.4r Exp.: °Li (Horikoshi)
0.2
T=0
07208 <06 04 02 0
weak coupling (kra,)! unitarity

Inclusion of superfluid fluctuations is crucial for the quantitative evaluation of the
internal energy in the unitary regime ((kga,)'<<0), even at T=0.



Diagrammatic representation of NSR theory and its extension

@ Green’s function to reproduce the NSR results (T >T,)
_ 1
Gusr = Go "'Goz\Go TG
n p
self-energy desc}'ibing pairing fluctuations

Gy

> = = = -

@ T-matrix approximation (TMA)

GTI\/IA — GO + GOZGO + GOZGOZGO — .., = G

o Extended T-matrix approximation (ETMA)

oo 1
Zetva = | ) \ ok




EoS: Superfluid Fermi gas
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Inclusion of superfluid fluctuations is crucial for the quantitative evaluation of the
internal energy in the unirary regime ((kea,)'<<0), even at T=0.



EoS: Superfluid Fermi gas

1 ' ' ' ' BCS-Leggett

-
co
—
—

> Pieter, Ohashi,
= PRA (2018)
2 0.6
D S
C_G S Bertch Parameter
= 3 0.4t Exp.: 5Li (Horikoshi) £ =0.388
)
< 0.2} ETMA | Tajima, Ohashi,

: PRA (2017)

T=0
07208 06 04 02 0
weak coupling (kra,)! unitarity

Our strong-coupling calculation agrees well with the observed EoS in a SLi superfluid
Fermi gas, indicating the importance of superfluid fluctuations in the unitary regime
((keay)1~0), even at T=0.



Isothermal compressibility

Compressibility x in a superfluid Fermi gas at T=0
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Isothermal compressibility

Compressibility x in a superfluid Fermi gas at T=0

Tajima, Ohashi,

§ —TN A
5 I
4| Exp.: 5Li (Horikoshi)

23 -

S
21 \ BCS-Leggett
h)
1 - i
T=0
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weak coupling (kra,)’! unitarity

Superfluid fluctuations enhances the compressibility at T=0.



Other ground state quantities in a superfluid Fermi gas

Tajima, Ohashi, PRA (2017)
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Inclusion of superfluid fluctuations enables us to quantitatively
discuss superfluid properties in this regime.
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Internal energy (EoS)

Origin of many-body corrections at T=0

compressibility
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Effective repulsive interaction between Cooper pairs
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Origin of many-body corrections at T=0

pairing fluctuations
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Origin of many-body corrections at T=0 |

pairing fluctuations
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Strong-coupling effects: quantum depletion




Strong-coupling effects: quantum depletion

Some Cooper pairs are kicked out from the condensate,
because of this repulsive interaction between them.

The binding energy of non- % Non-condensed  Cooper-
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Application to neutron-star EoS in the low-density region
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Superfluid Fermi gas (r.+=0) — crust regime of neutron star (r.=2.7 fm)

BCS Hamiltonian in the Nambu representation
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key effect of the non-zero effective range r,
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key effect of the non-zero effective range r,
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Comparison with previous “neutron star calculations”
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Comparison with previous “neutron star calculations”
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This agreement shows
that the cold Fermi gas

1 system may be used as

a guantum simulator

1 for the study of the

low-density region of
neutron star interior.

Interior
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Summary

We have discussed strong coupling properties of an ultracold Fermi gas in
the BCS-BEC crossover region. We also showed that this atomic system
may be used as a quantum simulator for the study of neutron-star physics.
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