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Outline

Bose-Hubbard Models: 

 Physical Realizations.

 Mean-field Theory : homogeneous

 Mean-field Theory : inhomogeneous

 Random Phase Approximation for Excitations.

 Finite Temperature: 

 Bose Mixtures: Phases and Excitations 

 Conclusions.
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Physical Realizations

Interacting Bose Systems: 


4He in vycor or aerogel (disorder)

Microfabricated Josephson junction arrays.

Disorder-driven superconductor-insulator transition (e.g., 

thin films of bismuth).

Type II superconductors with columnar defects.

Ultra cold atoms in optical potentials.
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Ultra Cold Atoms in Optical Lattices

Interference of standing wave laser beams is used to trap atoms 
in a periodic lattice potential:
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Cold Atoms in Optical Lattices

Interference of standing wave laser beams is used to trap atoms 
in a periodic lattice potential:
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Lattice designs
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Model
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Bose-Hubbard model 
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Bose-Hubbard model: Phase Diagram 

• M. Fisher el. al. Phys. Rev. B. 40, 546 (1989)

• Sheshadri et. al. Europhys. Lett. 22 257 (1993)

•Experiments: M. Greiner et. al. Nature 415, 39 (2002).
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Bose-Hubbard model:

Mean-field theory 
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Bose-Hubbard model

Mean-field theory
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Bose-Hubbard model: Phase Diagram 

U increases 
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Bose-Hubbard model: 

Inhomogeneous MFT
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Bose-Hubbard model: 

SF & MI shells
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Bose-Hubbard model: 

SF & MI shells

Number of 
atoms

V0

(Er)

a 1.0 X 105 3

b 1.0 X 105 22

c 2.0 X 105 22

d 3.5 X 105 22

Gray: Total density distribution 

Red: Density distribution with ρ=2            

Blue:   Gray - Red  

Folling et. al. PRL 97 060403 (2006)
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Bose-Hubbard model: 

Density Distribution & Shells: Result

SF
MI (ρ=1)
MI (ρ=2)

Red: Density distribution with ρ=2            
Blue:   Total Distribution - Red  Phys. Rev. B 85, 214524 (2012).

Number of 
atoms

V0

(Er)

a 7.1 X 105 15
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Bose-Hubbard model: 

Density Distribution & Shells: Result

SF
MI (ρ=1)
MI (ρ=2)

Phys. Rev. B 85, 214524 (2012).

Number of 
atoms

V0

(Er)

a 7.1 X 105 15

b 8.9 X 105 15
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Bose-Hubbard model: 

Density Distribution & Shells: Result

SF
MI (ρ=1)
MI (ρ=2)

Phys. Rev. B 85, 214524 (2012).
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Bose-Hubbard model: 

Radii of MI shells
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Bose-Hubbard model: 

Radii to phase diagram



G
o

a 
U

n
iv

er
si

ty

28/3/2018 21Ramesh V Pai

Bose-Hubbard model: Excitations
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Bose-Hubbard model: Green’s Function
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Bose-Hubbard model 

Single Particle Green Functions
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Bose-Hubbard model: Excitations – SF Phase 

AIP Conference Proceedings 1832, 030009 (2017);
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Bose-Hubbard model: Excitations – SF Phase 

AIP Conference Proceedings 1832, 030009 (2017);
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Bose-Hubbard model: Excitations - MI Phase 

AIP Conference Proceedings 1832, 030009 (2017);
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Bose-Hubbard model: Finite Temperature

MFT 

AIP Conference Proceedings (2018);
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Bose-Hubbard model: Finite Temperature

RPA
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Bose-Hubbard model: Finite Temperature

RPA
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Bose-Hubbard model Finite Temperature

RPA
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AIP Conference Proceedings (2018);
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Hard Core Bose-Hubbard model: 

Finite Temperature Results

AIP Conference Proceedings (2018);



G
o

a 
U

n
iv

er
si

ty

28/3/2018 32Ramesh V Pai

Hard Core Bose-Hubbard model: 

Finite Temperature Results

AIP Conference Proceedings (2018);
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Bose-Hubbard model for two types of bosons
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Bose-Hubbard model for two types of bosons

Mean field theory
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Bose-Hubbard model for two types of bosons

Mean field theory
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Bose-Hubbard model for two types of bosons

Mean field theory
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Bose-Hubbard model for two types of bosons

Mean field theory: Phases

00

00

00

00









a

S

b

SAB

b

S

a

SBA

b

S

a

SBA

b

S

a

SBA

,  ρ    ρSFMI

,  ρ    ρSFMI

,  ρ   ρMIMI

,  ρ   ρSFSF



G
o

a 
U

n
iv

er
si

ty

28/3/2018 38Ramesh V Pai

Bose-Hubbard model for two types of bosons

Mean field theory: Phases

A : MI-1 A+B=1

B : MIA, MIB A=1, B=1

C : MIA, SFB A=1, B>1

D : MIA, MIB A=1, B=2

F : SFA, SFB

Phase diagram, and plots versus μ of the for 

Uab = 0.5Ua , Ub =0.75Ua, μa = μb = μ.
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Bose-Hubbard model for two types of bosons

Excitations
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Bose-Hubbard model for two types of bosons

Excitations
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Bose-Hubbard model for two types of bosons

Green Functions + RPA

 )]0(),([)()( ''''

jiij LtLtitG  

Equation of motion (RPA approximation):

  



 


 '''''''''
2

1
),()(),( PqGqTPqGEE  

where  ,)( ''''''

jiij

q TTqT   





zyxj

jq qt
,,

cos2

 '''  LLP
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Bose-Hubbard model for two types of bosons

Single Particle Green Functions









]),([)()(

]),([)()(

,

,

ji

bb

ji

ji

aa

ji

btbtitg

atatitg





  

''

'' ),('||'||),(


  qGaaqg aa

  

''

'' ),('||'||),(


  qGbbqg bb
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Bose-Hubbard model for two types of bosons

Excitations, Spectral Weights + DOS 

Solving the equation of motion for the Green function and 

writing it in the form















q

aa

a

r r

bb

r r

aa

qgN

q

qB
qg

q

qA
qg

),(Im
1

)(

)(

)(
),(

)(

)(
),(











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Bose-Hubbard model for two types of bosons

Excitations

SFA, SFB
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Bose-Hubbard model for two types of bosons

Excitations

MIA, SFB
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Bose-Hubbard model for two types of bosons

Excitations

MIA, MIB
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Bose-Hubbard model for two types of bosons

Excitations
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Bose-Hubbard model for two types of bosons

Excitations
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Bose-Hubbard model for two types of bosons

Excitations
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Thank You


