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Physical Realizations

Interacting Bose Systems:

»>4He in vycor or aerogel (disorder)
»Microfabricated Josephson junction arrays.

» Disorder-driven superconductor-insulator transition (e.g.,
thin films of bismuth).

» Type Il superconductors with columnar defects.

»Ultra cold atoms in optical potentials.
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Ultra Cold Atoms in Optical Lattices

Interference of standing wave laser beams is used to trap atoms
In a periodic lattice potential:

Lasers / L e
._."._,.“ E_~ran_s~

Munich: L. Bloch, T. Haensch et al.
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Cold Atoms In Optical Lattices

Interference of standing wave laser beams is used to trap atoms
In a periodic lattice potential:
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Lattice designs

2
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2D different internal states -—--->

square lattice

triangular lattice
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Jaksch et. al. (1998) PRL 81, 3108
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Bose-Hubbard model

H=-t> (aa, +hc)+—Zn (n. —1)

<i,j>
_,U_Zni +VTZni (F; _Fo)

Where V; Is the strength of the trap potential and ;, Is the
center of the lattice

|\PSF>U {Zaj 0>

| Y >tzOOCHi(ai )N |10 >



Bose-Hubbard model: Phase Diagram

A
/U

. — >
t/U

e M. Fisher el. al. Phys. Rev. B. 40, 546 (1989)
e Sheshadri et. al. Europhys. Lett. 22 257 (1993)
eExperiments: M. Greiner et. al. Nature 415, 39 (2002).
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Bose-Hubbard model:
Mean-field theory

H=-t,> (aa, +hc)+—Zn(n ~1)— yZn

<ij>
a’a;, ~<a >a,+a <a; >—<a’ ><a, >
Superfluid order parameter Wia =<a; >
H=>H" -t> (5 da, +hc)
IL S j>

HilvIF :Eﬁi(ﬁi —1) — un, _(Wi*ai +yia) )+ |y, |2

Sheshadri et. al. Europhys. Lett. 22 257 (1993)
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Bose-Hubbard model
Mean-field theory

U .
MF A (A 2
H, :E (0 =1) =, — (v &~y )+ |y |
» Superfluid density (). gy |
* Density o =<nN; >
« Compressibility K = 2’;‘

SF Phase: p,>0 x>0
MI Phase: p. =0 x=0
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Bose-Hubbard model: Phase Diagram
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Bose-Hubbard model:
Inhomogeneous MFT
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Bose-Hubbard model:
SF & MI shells




Bose-Hubbard model:

SF & MI shells
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Bose-Hubbard model:
Density Distribution & Shells: Result
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Bose-Hubbard model:
Density Distribution & Shells: Result
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Bose-Hubbard model:

Density Distribution & Shells: Result
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Bose-Hubbard model:
Radii of M1 shells
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Bose-Hubbard model:
Radii to phase diagram
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Bose-Hubbard model: Excitations

H = ZHMF —t > (88 da; +hc)

<i, >

HY |i,a>=E_|i,a>
Laa. :‘ I, >< i,a'\ Define Projection Operator

C3 —Z<i alé li,a'>L . Single Site Operator :

H = ZE Lew =5 2 Tawppbaalis

<Ij >aa' Bf

T! =<l a|& |l,a'><],B|a;]|],B>+hc.

aa fp
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Bose-Hubbard model: Green’s Function

Gl sy (1) ==10(1) <[L,,. (1), L, (0)]>

Equation of motion (RPA approximation):

1
(a)_ Ea + Ea')Gaa',B,B' (q’ Cl)) + Z aav,u(q)G,uvﬁﬂ' (q 0)) = —72_ aa §aﬂ 505[)’
jl
where a' B (q) & ( aa ‘B’ +T,Bﬂ ao' )
£g=—2t > cosq,
J1=X.Y,Z

P.,=<L, >—-<L,, >

oa
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Bose-Hubbard model
Single Particle Green Functions

g;; () =—10() <[a,(t),a;]>

9(q,w) = Z<a|a|a'><,8
aa' pp’

A(Q)

a+ | ﬁ'> Gaa'ﬂﬁ' (q’ C())

9(q, @) =)

r C()—C()r(Q)

N(w)=—%zlmg(q,af)

rf-tunnelling current () spectroscopy is a powerful
method to observe these excitation spectra.

| (w) c N(w)
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Bose-Hubbard model: Excitations — SF Phase
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Bose-Hubbard model: Excitations — SF Phase
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Bose-Hubbard model: Excitations - M1 Phase
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Bose-Hubbard model: Finite Temperature
MFT

U A (A * +
HiMF:? (N =) = — (v & @) )+ |y,

|2
HY |i,a>=E_|i,a>
Partition Function
-y
o

Superfluid Order parameter ¥ = Z P, <al|ala>
g /e )

L

Where P, =
AIP Conference Proceedings (2018);
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Bose-Hubbard model: Finite Temperature
RPA

H = ZHMF —t > (88 da; +hc)

<i, >

HY |i,a>=E_|i,a>
Laa. :‘ I, >< i,a'\ Define Projection Operator

C3 —Z<i alé li,a'>L . Single Site Operator :

H = ZE LI D) ZTaﬂﬂ ao’ ﬂﬂ

<Ij >aa' Bf

Ti

wpp =<hal|d |L,a'><],p|a&,| ], B >+hc.
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Bose-Hubbard model: Finite Temperature
RPA

Gl s () =-10(t) <[L,, (1), L, (0)] >

Equation of motion (RPA approximation):

1
(CO— Ea + Ea')Gaa'ﬁﬂ'(q’ 0)) + Z aa'vu (q)G,uvﬂ,B' (q C()) = —72' aoc 505,8 5aﬂ
JI
where i@ =Ty +T )
£g=—2t > cosq,
J1=X.Y,Z

P.,=<L, >—-<L,, >

oa
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Bose-Hubbard model Finite Temperature
RPA

A
Gaa'ﬂﬂ' (0, 0) = Zr: P S)(CI)

From this
‘//:ZPa <oa|l|a>  Where

(Zfz 3 AW (0,@)  where
f(w)= (eﬂ @ ’—1)_1

AIP Conference Proceedings (2018);

P =
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Hard Core Bose-Hubbard model:
Finite Temperature Results
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Hard Core Bose-Hubbard model:
Finite Temperature Results
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Bose-Hubbard model for two types of bosons

. Znia (nia _1)
<, J> [

—t, > (b'Db, +hc)+—b2n (n® —1)

<i,j>

+Uabzn N, _:uazni _ﬂbzni
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Bose-Hubbard model for two types of bosons
Mean field theory

a’a, ~<a >a,+a <a; >—<a’ ><a; >

Superfluid order parameters
wl=<a > y=<b>
H=>H"

—t, > (&&'da; +he)—t, D (b, +hc)
<i, > <i, >
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Bose-Hubbard model for two types of bosons
Mean field theory

HiMF %ﬁ (ﬁ _1) :uanl _(WI a +l//l i+)+|l//ia |2
Ub b+
+7n'(  —D- ,Ubn —(l//, b b, )+|l//' |
+U,, AA

+ Superfluid density (07); =y (0°); [

» Density ,Oia =< ﬁ? > pb =<RA" >
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Bose-Hubbard model for two types of bosons
Mean field theory

HiMF %ﬁ (ﬁ _1) :uanl _(WI a +l//l i+)+|l//ia |2
Ub b+
+7n'(  —D- ,Ubn —(l//, b b, )+|l//' |
+U,, AA

+ Superfluid density (07); =y (0°); [

» Density ,Oia =< ﬁ? > pb =<RA" >
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Bose-Hubbard model for two types of bosons

Mean field theory: Phases

SF, +SF, pd>0, p2>0
MI, +MI, p3=0, p =0
MI, +SF, pi=0, ps>0
MI, +SF, p2=0, pi>0
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Bose-Hubbard model for two types of bosons
Mean field theory: Phases

A MI-1 ppt+pg=1

B:Ml,, Mlg pa=1, pg=1

C: Ml,, SF; pa=1, pg>1
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Phase diagram, and plots versus p of the for
Uab — O5Ua , Ub :0.75Ua, Ly = Uy — K.
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Bose-Hubbard model for two types of bosons
Excitations

H = ZHMF—t > (& éa; +hc)

<i,j>

—t, > (b b, +h.c)

<, j>
HY |i,a>=E |i,a>

i - - 1
Define Projection Operator L. =1,a ><1,a']

Single Site Operator : éi = Z< I, o | éi I, a'> Liaa
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Bose-Hubbard model for two types of bosons

Excitations
[ 1]
H = ZE L 5 ZTaaﬂﬂ aa’ ﬂﬂ
<|j>aa,8,6’
Taaﬂﬁ =<l,a|d |l,a'>< ], plaa;| ], B> +hc.

+<ha|d |l,a'><],B|d;]|] B> +hc.

oa=a—<a>
MD=b—<b>
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Bose-Hubbard model for two types of bosons
Green Functions + RPA

Gl pp(t)=-10(t) <[L,, (1), L, (0)] >

Equation of motion (RPA approximation):

1
(C()— Ea + Ea')Gaa'ﬁﬂ' (q’ CO) + Z aa'vu (q)G,uvﬂ,B' (q C()) = 72_ aa 50{,8 5aﬂ

Where T (A) =& (Taaﬁﬁ +Tﬁ1/|3aa)
g, =—2t ) cosq,

J=X,Y,2Z

P =<L_>-<L..>
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Bose-Hubbard model for two types of bosons
Single Particle Green Functions

g;; (1) =—10(t) <[a(t),a;]>
g7 (1) =—10(t) <[b, (t),b;1>

0% (q,0) = ) <alala'><pla’|f>GC,, 40 o)
aa'fp

9" (q,0)= ) <albla'><p|b"|5'>G,, ()
aa'fp
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Bose-Hubbard model for two types of bosons
Excitations, Spectral Weights + DOS

Solving the equation of motion for the Green function and
writing it in the form

aa A
9% (0, ®) = Za) S')(q)

bb B
9% (9, w) = Zw S')(q)

Na(w)=—;Zlm g% (g, ®")
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Bose-Hubbard model for two types of bosons
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Bose-Hubbard model for two types of bosons
Excitations

]O T - T T T * T
— A phase boundary Uab:O‘Uh:O‘7Ua @ Py,
g === B phase boundary | 5+ ‘¢ .‘.
< 0 . H ” h Y
R LTy SR T T
-8 s : - :
6 A-SF A-MIs(i) < 5] 4 |
B-SF Bl pege™ | =) o
. )
4 - 7 > B —
TR A-MI
(V).
24 . B-MI 14
P R 1) —
0 T T T T T T 0
4 6 8 10 12
U
a
(b) '
ha ST SOUUUUIR ’,o'_
00.0000““'”..‘.. —_
> | B
r X, T Wt =
T q T T
v (C) -
v'vv ¥
|t e Ty o
| i A, |
4 \
" T T T L
3 X T M r
' q

Ramesh V Pai

45



Bose-Hubbard model for two types of bosons
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Bose-Hubbard model for two types of bosons
Excitations
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Bose-Hubbard model for two types of bosons

Excitations

8
6
4
—— A phase boundary Uab=0.2Ua,Ub=O.7U‘1 A . 2
- - - B phase boundary 3 0
1 % -2
Z 4
-6
A-SF -8
B-SF
2.0
1.5
1.0+
avy_..-( ]
il B 0.0
4 6 8 10 12
Ua

Ramesh V Pai 48



Bose-Hubbard model for two types of bosons
Excitations
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