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 Introduction to the theory of Bose-Einstein Condensate

 Dynamics of BEC under a variety of external confinement

 Analytical Approach:

 Unified Model of Exact Solution

 BEC in Bi-chromatic Optical Lattice

 Numerical Approach:

 Higher Harmonic Generation in BEC by Chirping

 Production of Mesoscopic superposition States in BEC

 Bose-Einstein condensate in a Toroidal Trap

 Conclusions
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Bose Einstein Condensate

Experimental Realization, 1995Theoretical Prediction, 1925

E. Cornell and C. Wieman Wolfgang KetterleSatyendra Nath Bose & Albert Einstein

“This discovery must be viewed as one of the most beautiful physics 
experiments of the 20th century” -Lev Pitaevskii
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Background of BEC & Black body radiation spectrum
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Einstein forced matching with Planck’s formula

It was not a full-proof new derivation 

He didn’t know the concept of indistinguishability in the year 1916
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Bose’s derivation of Planck’s law (1924)

He was inspired by Compton’s discovery and considered
electromagnetic radiation as collection of quanta or photons with
particle like energy hν and momentum p= hν /c.

He computed the density of states in phase space that are available
for radiation between frequency ν and ν + d ν.
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c
πν

ν ν ν

For a photon gas

He assumed the photons to be indistinguishable and any number of 
photons can be accommodated in a single state.
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Since the radiation can have two states of polarization, the result is 
multiplied by two

Three remarkable and bold steps for photons:

1. They are indistinguishable

2. Their number was not conserved

3. They have spin 1

2

3 h /kT

8 hu( ) =
c e 1ν

πν ν
ν

−

S.N.Bose: Planck's Law and the Hypothesis of Light Quanta (1924)

This statistical derivation laid the foundation of Quantum Statistics
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BE distribution( ) / kT
1f ( )

e 1ε−µε =
−

Bose-Einstein condensate

High temperature limit:
Particle are distributed over a wide energy range

Classical Maxwell-Boltmann distribution

i ig N>> ( )/kT
minf ( ) e       − ε−µ <<ε = → µ ε

Low temperature limit:
As temperature decreases, µ rises and mean occupation 
number increases

The number of particles in single particle ground 
state becomes arbitrarily large

min when  µ = ε
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At low temperature, a significant proportion of atoms in 
a gas condense in a state of lowest energy of the system.

Bose-Einstein condensation occurred in momentum space
and not in coordinate space

Condensation is purely of quantum origin

CondensationBose-Einstein
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Second quantization Hamiltonian

Bose field operator  †(r) and (r)Ψ Ψ

Dynamics of Bose-Einstein Condensate

0H = Single particle hamilto  U(r,r') = Intew rhe acre  tionnian;  term

The system is modeled by 

2
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Gross Pitaevskii Equation
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Important Applications Towards BEC in External Confinement

Superfluid-Mott -Insulator

Nature 415, 39 (2002)

Atom Lasers

Phys. Rev. Lett.  79, 549 (1997)

Bright SolitonDark Soliton

Science 287,  97 (2000) Science 296  1290 (2002)

Vortices

Phy. Rev. Lett. 87, 080402 (2001)

Faraday Waves

Phy. Rev. Lett. 98, 095301 (2007)

Anderson Localization

Nature Physics 453, 891 (2008)

Science 339, 52 (2013)

BEC on atom chip

Nature 413, 498-501 (2001)

Interference of two BEC Atom chip

Science, 307 (2007)

Nature Physics (Lett) 10, 918 (2014) Laser Phys. 26, 065501 (2016) Nature Comm., 01, (2016)Sc. Reports 10612, 01 (2015)

Negative Temperature Dimple TrapCollision of BEC Solitons Photon-BEC in a CavityBEC-optomechanics
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o Exact analytical methods are possible only for couple of well-
known potentials

o There is tremendous progress of Experimental Research in this field

o Exact Theoretical method: A nontrivial task but an Essential Need

o BEC in an external trapping potential : A Trapped BEC

o A huge number of theoretical studies are required on Trapped
BEC to pave future technology in this system

Points worth Mentioning…
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Analytical Approach
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A Unified Method of Exact Solution   !!

x t x ti V x t x t g x t x t x t i x t x t
t x

ψ ψ
ψ ψ ψ ψ

∂ ∂
= − + + + Γ

∂ ∂

2
2

2

( , ) 1 ( , ) ( , ) ( , ) ( , ) | ( , ) | ( , ) ( , ) ( , )
2

The generalized nonlinear Schrödinger equation with time- and space-modulated 
distributed coefficients:

( , ) ( , ) [ ( , )] [ ( , ) ( , )]x t B x t X x t Exp i x t G x tψ θ= Φ +

The wave function in the form 

( , ) ( , )

( , ) ( , ) [ ( , )]

G x t x t d t

A x t B x t Exp G x t

= Γ

=
∫

• Amplitude B(x,t), external potential V(x,t), phase θ(x,t), nonlinearity g(x,t), 
gain/loss Γ(x,t) are all real function of x and t.

• X denotes the travelling coordinate, a real function of x and t



IWBECRP, S N Bose National Centre for Basic Sciences, March, 2018 U Roy, Indian Institute of Technology Patna

Conditions to be satisfied…
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The potential is solved as a general expression, dependent on 
other variables of the system

( ) ( )
( )
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Solutions…
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A. Nath and Utpal Roy, Journal of Physics A: Mathematical and  Theoretical  47, 415301 (2014)



IWBECRP, S N Bose National Centre for Basic Sciences, March, 2018 U Roy, Indian Institute of Technology Patna

BEC in Bi-chromatic Optical Lattice
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Bichromatic Optical Lattices
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Phys. Rev. Lett. 108, 045305 (2012)

Roati et al., Nature (London) 453, 895 (2008)
Billy et al., Nature (London) 453, 891 (2008)
Beitia et al., Phys. Rev. Lett 100, 164102 (2008)
J. Struck, Science 333, 996 (2011)
Phys. Rev. Lett. 108, 045305 (2012)
Adhikari et al., Phys. Rev. A 80, 023606 (2009)

Nature Physics 453, 891 (2008)
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Analytical Approach for Localized Solution
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The wave function in the form 

• Amplitude A(z,t), external potential V(z,t), phase θ(z,t), nonlinearity g(z,t), 
gain/loss Γ(z,t) are all real function of z and t.

• Z denotes the travelling coordinate, a real function of z and t

1 2( ) cos(2 ) cos ) ( V z l Vz zV l= +

The Bichromatic Optical Lattice Potential
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 ,  ,  and m could be meticulously modulated for studying various relevant scenarios. 
 We will study both bright and dark solitary waves with -1 (attractive) and 1 (repulsive) nonlineari .tyG G
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Utilize the Tunability of BOL 
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β = 0.001 β = 0.5

0 8 4 0 1 0 1 1. , ( ) . , . , -γ= = = = =Condensate density for     l c t c G

β = 4 β = 4.5

Condensate density in Attractive regime

Strong Localization

Bright Soliton
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Variation with β

N0+N1+N2=1

Localization of Condensate density & Energy per particle
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What happens in Repulsive domain ?

A. Nath and U. Roy, Laser Physics Letters 11, 115501 (2014)
Selected for free access and the Article of the Year

β = 0.001 β = 0.1

β = 0.5 β = 4.5

Bright Solitary Trains

Condensate density for  l=0.84, c(t)=c=0.1, γ =0.1, G =1

Dark Soliton
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Higher Harmonic Generation in Bose-Einstein Condensate
by Tuning External Confinement  

Numerical Approach
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 Quasi-one dimensional Bose-Einstein condensate

 Weak inter-atomic interaction is considered

 Harmonic trap is used as a basic external confinement

 An Optical Lattice potential is applied in addition

 Depth of the optical lattice introduces time dependent Chirping

Model Under Study 
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 Under harmonic trap, both condensate density as well as RMS size
oscillate with time.

 This oscillation is commensurate with the trap frequency.

 It is worth to see oscillation of condensate density in presence of both
the trap, simultaneously.

 We solve the equation numerically and observe the system in time and
frequency planes.

2
2

2

1( , ) ( , ) ( , ) ( , )
2 ndi x t V x t g x t x t

t x
ϕ ϕ ϕ

 ∂ ∂
= − + + ∂ ∂ 

( )22 2 2 /0( , ) 1 cos( ) sin xV x t x v t π λγ α ω= + + 
 
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Variation of Trapping Potential and Corresponding Condensate 
Density in Space and  Time 

Potential  Condensate Density  
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RMS size variation with time  In Frequency plane 

In Time- Frequency plane  
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Production of Quantum Mesoscopic Superposition states by 
utilizing tunneling and reflection in BEC
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2
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 ∂ ∂
= − + + ∂ ∂ 

22 (t) Exp0 22
( , ) xV x t x v

σ
γ

 
 −
  

= +

 Quasi-one dimensional Bose-Einstein condensate

 Weak inter-atomic interaction is considered

 Harmonic trap is used as a basic external confinement

 In addition, an Gaussian peak potential is applied

 Height and width of the peak can be controlled with time to
observe higher order quantum superpositions

Model Under Study 
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Periodic Oscillation of Single Soliton & single potential spike
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Schrödinger-cat State in Momentum

 One can obtain Position cat-state and also a cat-state, rotated in
an arbitrary direction in phase space
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2 2( )2 (t)  Exp (t)Exp01 022 22 21 2
( , ) x x aV x t x v v

σ σ
γ

   −   − + −
   
   

= +
 
 
 

Periodic Oscillation of Single Soliton & two repulsive potentials
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Triangular Mesoscopic State

 One can also obtain a triangular state, rotated in an arbitrary
direction in phase space
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The Trajectory of the Condensate for Two 
Soliton & one potential spike 
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Compass-like state
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Bose-Einstein condensate in a Toroidal Trap
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First Experimental Realization of BEC in Toroidal Trap  
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 Autocorrelation Function : 

 Theoretical Counts of the number of petals: 
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Wave Packet with Nonlinear Energy Spectrum:Evolution of the Condensate…
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Time Spanshots of the Density Patterns 
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T =1.95 T =9.76

T =15.62 T =25.39

Autocorrelation Function
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Dark and bright areas around atoms in a
scanning tunnelling microscope imageWhat about Interference Patterns ?
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Actual Interference Patters
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 Density at different time :

 Corresponding Phase at different time :

Time =9.76 Time =11.71 Time =15.62 Time =23.43

Phase Dynamics
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Spatial Interference 
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