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My talk is based on the following work:

e Connecting dissipation and non-commutativity :A
Bateman system case study. Sayan Kumar Pal,
Partha Nandi, Biswajit Chakraborty.-(Phys. Rev. A 97,
062110, 2018)
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Plan of the talk :

e Dissipative systems in classical and quantum
mechanics

e Time-independent Lagrangian formulation of
dissipative systems - The Bateman oscillator

@ Hamiltonian formulation

e Path integral quantization of a generalized
Bateman system embedded in the Moyal plane

@ Canonical formulation
@ Results and Discussions

Summary
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Introduction to Dissipative systems

The equation of motion for the one-dimensional damped
harmonic oscillator (D.H.O) is

X4+ yx+wx =0 (1)
If R = %2 > 1, the motion is oscillatory with exponentially
decaying amplitude. Otherwise, the motion is nonoscillatory
i.e. overdamped.
Since the system (1) is dissipative, a straightforward
Lagrangian description leading to a consistent canonical
quantization is not available.
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Time-independent Lagrangian formulation

We consider (1) along with its time reversed image
y—qy+wly=0 (2)

making the composite system (Bateman oscillator)
conservative. The Lagrangian is:

=Xy + % (xy — xy) — w?xy (indirect representation) (3)

where x is the D.H.O coordinate and y corresponds to its
time-reversed counterpart.

On introducing the rotated coordinates (x; = * ,x = *7),
the above Lagrangian can be written in a compact notation as

2

1 LW
L= S8i%iXj — 5 €jXiXj — — 8XiX; (4)
where gj; is the pseudo - Euclidean metric: g1; = -g»» = 1 and

g2 = 0.
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Hamiltonian formulation of the problem

Now the Hamiltonian corresponding to (4) is :

1 VX2 1 VX1 1
H = §(P1 — 7)2 - §(P2 + 7)2 + 5002(X12 -x) (5

Clearly we notice that the hamiltonian H is a difference of two
positive hamiltonians H; and H, -

H=Hy — H, (6)

so that it is not bounded from below.
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We include additional interactions to (1) and (2)
X+ %+ w’x = —ey —ny (7)

y =y +wly = —ex —nx (8)
where, € and 7) are constant parameters.
We call it the generalized coupled dho problem in 2D.
The corresponding Lagrangian and Hamiltonian written in
terms of the (x;, x2) coordinates are given by-

CES PRSI

( (e+w?) 5, (e—w?) ,
2 1 2 2

2y T

X1Xp — XpX1)—

S S e N 1.
2(n+1) 2(n—-1) 2\n—-1 n+1

o+ ) ()

The positive definiteness of the Hamiltonian can now be ensured if we demand 1 > 1
and ¢ > w?.
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Further we implement a canonical transformation given by:
1
Xy — (n+ )4X1 o PL— (n+1) P1
1 1
o — (11, p— (2)ip,
In terms of these transformed variables, the Hamiltonian can

be rewritten as -

2
P, P, 1 1
= ﬁ + ﬁ + Z(X”b — xop1) + Eﬁbwfxf + Eﬂngzz (9)
where 1 = /(n+1)(n — 1) and the frequencies are given by -
2 € UJ2 E—w” (JJ
Wi =g T it 2 T g T

Finally, we are in a stage to carry out the quantization
effectively through the path integral scheme by promoting the
phase space variables to the level of operators satisfying
noncommutative Heisenberg algebra.
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Noncommutative QM

@ The NC Heisenberg algebra is:
(%, %] = i0e i [P, Bl =0 [%,B] =ihd; (10)
Here 6 denotes the spatial noncommutative parameter.
@ Auxiliary Hilbert space H. is defined as,

Fyn )?1 I)?z
'HC:5pan{\n>:(5%\O); b= \j—% }

@ The quantum Hilbert space H, is defined as the space of
Hilbert-Schmidt operators acting on H. :

Hy = {0(A, %) - P(&, %) € B(He), tre(¥' (&, %)1(%, %)) < oo}

@ H, furnishes a representation of the entire Heisenberg
algebra through the action

A R N h .
X/|w) = |Xi¢) ) 'Dl|’¢) = 5 [EUXb W)]




We can construct a state in quantum Hilbert space:

1
—12)(a]. (1)

where, |z) = e=#2/2¢#'|0) and z = \/%—9 (x1 + ix2) is a

|2,Z) = |x1,x0) =

dimensionless complex number.

The ‘position’ representation of a state |¢)) = (X1, %) can
be constructed as

(x1, x2|)) = .

tre(|z) (2| (R, %)) =

(z[y (%1, %) 2).
(12)
We now introduce the normalized momentum eigenstates

0 i/ _(pb+pbt A
Pl = \omee 2z POPED)  Biip) = pilp)  (13)

satisfying the completeness relation

/ d*p |p)(pl = 1q . (14)
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Formalism - Path integral quantization

@ The wave-function of a “free particle” on the
noncommutative plane is given by

(2,2]p) = ———e PPV WPEP) (g5

The completeness relation for the position eigenstates
|z, Z) reads

/20dzd2 12,2) x (2,2 = /dX1dX2 X1, %) * (x1, % = 1q

@ The propagation kernel on the noncommutative plane
reads -

n
(Zf,t,c\zmto):nin;O/H(dquj) (2, tr|Zn, tn) *n (20, tal-...|21, t1) %1 (21, 11|20, t0) - (
j=1
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_ — ek
(Z41> 11z, ) = (zipale 777 z)
+oo _ 0 5. i)z 1—2))+P;(z41—2])
_ / Ppj e mpjpjewmz[J j+17 )Rz J]
—oo

i

PiPj b, 2 222 L 2y, pm0 2. 2o v B3 -5
e Felgn+ (wlfujZ)(zj+1+zj)+T(w1+w2)(22j+11j+1)—ﬁ«/f(pjzj-+l—pj1j)]'

@ Substituting the above expression in eq.(16) and
computing the star products, we obtain

n

.
@rotelaoto) = im [ T](az0z) [] &%,
Jj=1 i

paliry

n i [0 iey\ _ N N iey N
= (Z {g\/a [p{ (e S s —afen{an - (e 51) s} ome

Jj=0

n—1 .
1
tom >~ b — geV(fijZj))
j=0
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where 0 =

A

S+ %) and
V(Zi41,2) = % w3) (22,1 +22) + B (Wi +w3) (22412 + 1).
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@ On executing the momentum integral, we obtain

n
(zf, tr|z0, to) = nlewA/H(dquj) exp (—8zf5§0>
j=1
0 iev\ _ _ 1 iey
Xexp| — 1+ — )z -2 ¢ M, zrr1— (14— ) z
2h2 =0 r=0 2p ' 2p

. n
! -
X exp (hﬁ E V(Zj+1,2j)>

j=0
On taking the limit ¢ — 0 and performing the sum over
k, we finally get -

(zr, tr|lzo,t0) = Aexp (—3;520)/

Z(t[)):ZO

2(tr)=z

DzDz exp (i5>
I
where the action S is given as follows :

S— /: dt B {?(t) + ;ZE(t)} (;ﬂ + ;at> - {2(t) - ézz(t)}

() 2(0)2(0) - B - ) (22(0) + (1)
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Results - General Solution

@ The equations of motion following from above action are :

. 7 : 2
x1+{g—%w§}X2+{wf—47—M2}x1:0. (17)
. 0 : §
xz—{%—%wf}x1+{w§—47—/ﬂ}xQ:0. (18)

@ In contrast, the classical equations of motion as obtained
from the Hamiltonian (9) are -

2
-7 2 7
- - — =0 . 19
X1 + #Xg + {wl 42 } X1 (19)
g > 7
o — —X - — =0 . 20
X2 ’ux1+{w2 4’u2}X2 (20)
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@ The system of equations (17) and (18) can be solved
simultaneously to yield the following characteristic

frequencies -

Q3+ Q%+ 1
vy = \/12’Y172 + 5\/71’72(257% +208 +my2) +(QF - 23)? (21)

2
where,
0 0
=gl =Gl (@)
and, , ,
Y Y
szwf—él—uz : ngwz—ruz (23)
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Canonical formalism

@ We use the linear transformation-
~ ~C 0 ~
Xi=Xi — ﬁeUPJ (24)

connecting the ;ghase space operators
(X,', P,) — (X, ,P,').
@ The Hamiltonian (9) now becomes :

A2
A= 21 + 5;2 + %u(wf)ff +w2XE) + 2 Xepy - 1 Xshy
where
= : M2 = H .
(1-3 th2w2) (1-2 4 49;%)
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To diagonalise the Hamiltonian we introduce the following
canonical transformation-

i acosu 0 0 Zsinu &

s 0 acosu {%sinu 0 & (25)
= 0 —bsinu - cosu 0 Ui
A . 1 A
P, —bsinu 0 0 S cosu )

Therefore, we have

~

H = 0#7 + 0375 + kia; + k385 + Mdnfo + Aadofts . (26)

Setting A\; = 0 = \,, we get the diagonalised form of the
Hamiltonian which basically is a 2D harmonic oscillator. And
other coefficients depend on the ratio of a and b.
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From canonical quantization we finally arrive at the
diagonalised form of the Hamiltonian as :

~ ~ ]. ~ ]_ ~ ~

H = 2hkaor(Ny + 3) + 2hkooa(No 4 5) Ny = a5, Np =33,
The energy eigen-frequencies are Q0. = 2kjo1, Q_ = 2kyo,

Note: The real spectrum of the Hamiltonian is obtained by

taking vanishing limits of 77, e which forces one to impose
ny = ny for a physical subspace of the Hilbert space.
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Restoring the Bateman form

e Finally, on re-writing the equations (17) and (18) in terms
of the original coordinates x, vy,

0w?  6v%  end e nbw? 5
.. .. 0w Oy end,. 0 . —0 . (27
X4+ny+(v+ s T s )x+(h p )y + ey + wx (27)
and,

Ouw?  0y%  end ) nhu? 5
.. - 0w Oy"  emb, . € . —0 ., (28
y+nx—(v+ - S h)y (h B )x + ex + wy (28)

Now on taking the limit 7 = 0 = ¢, we get-

i} L N
oA ~0 . 2
X+ (v+ - 4h) +wx=0 (29)
and,
. 9(4)2 9’72 . 2
y—(7+7—ﬁ))/+w)/—0- (30)
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Discussions

. Even if v = 0 initially, v is non-zero: vz = %. This
indicates that quantum effects along with NC can induce
damping.

. On the other hand, if 772 > w?, we can fine-tune 0, taken as

a free parameter, to the following value: 0. = % so that
W

")/RZO.
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Spectrum of the Bateman system

The spectrum of the pure Bateman oscillator (n = 0 = ¢€)
turns out to be

2

R TR
M=i=+ /w2 -k 31
=i w 4 (31)
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e Firstly we would like to mention that we have addressed
two different problems at one stroke, namely the Landau
problem with anisotropic oscillator potentials and the
Bateman oscillators by considering our “master
equations”.

@ We have successfully carried out the quantization of a
dissipative system both in the path integral and canonical
schemes.

@ There is an additional NC contribution towards damping -
a SHO in NC space can behave as a damped harmonic
oscillator. Therefore, noncommutativity can lead to
dissipation !

@ An indication is shown that an original dissipative theory
in commutative space can be mapped to a non-dissipative
NC theory, hinting at a possible ‘duality’ between these
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One can attempt to quantize this system following t'hooft.

Lo-Hp=m—H, (3

1 2
H=— H)? —
(p+H) ”

4p
where we need to have {H;, H,} = {p, H} =0 To get the
lower bound for the Hamiltonian one thus imposes the
constraint condition onto the Hilbert space: H, [¢)) =0,
which projects out the states responsible for the negative part
of the spectrum.

Therefore, H|vy) = Hy [) = <2P, ) )

H; thus reduces to the Hamiltonian for the linear harmonic

oscillator 7 4+ Q2r = 0, where Q = y/(w? — 772)
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