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Quantum Spacetime



Quantum Spacetime

Motivation



Principle of Gravitational Stability against localization of events:

“The gravitational field generated by the concentration of energy

required by the Heisenberg Uncertainty Principle to localize an event in

spacetime should not be so strong to hide the event itself to any distant

observer-distant compared to the Planck scale”

(Doplicher, Fredenhagen, Roberts - 1995)

• Localization of events with extreme precision may cause

gravitational collapse: spacetime loses operational meaning

• Fate of locality?
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The DFR spacetime uncertainty relations (Doplicher, Fredenhagen,

Roberts):

c∆t(∆x+ ∆y + ∆z) ≥ λ2
P (1)

∆x∆y + ∆x∆z + ∆y∆z ≥ λ2
P (2)

STUR (Tomassini, Viaggiu)

(∆x)2(∆y)2(∆z)2 ≥ 12λ4
P (∆x∆y + ∆x∆z + ∆y∆z) (3)

(c∆t)2(∆x∆y + ∆x∆z + ∆y∆z) ≥ 12λ4
P (4)

• “Small scale structure of Minkowski space”

• Original derivation: linearized gravity..

• Recent, stronger form (STUR) implies DFR uncertainty relations (L.

Tomassini, S. Viaggiu, 2011)
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Quantum Spacetime

The DFR spacetime



[qµ, qν ] = iλ2
PQµν (5)

Covariance:

qµ
(Λ,a)7−→ q′µ = Λνµqν + aµ (6)

This implies:

Q′µν = QρτΛρµΛτν (rank-2 tensor) (7)

There are two invariants:

QµνQ
µν and Qµν(∗Q)µν . (8)

In the simplest model, the Qµν are central:

[Qµν , qα] = 0 ∀µ, ν, α ∈ {0, 1, 2, 3}. (9)

⇒ Joint spectrum of the Qµν :

Σ = Σ+ ∪ Σ− ∼ SL(2,C)/D. (10)
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σµν =




0 e1 e2 e3

−e1 0 m3 −m2

−e2 −m3 0 m1

−e3 m2 −m1 0


 , σ = σ(~e, ~m). (11)

“Quantum Conditions”: QµνQ
µν = 0,

(
1

4
Qµν(∗Q)µν

)2

= 1. (12)

In terms of the spectral values, the quantum conditions become:

1

2
σµνσ

µν = ‖~m‖2 − ‖~e‖2 !
= 0, (13)

1

4
σµν(∗σ)µν = ~e · ~m !

= ±1. (14)

Joint spectrum of the Qµν :

Σ = Σ+ ∪ Σ− = SL(2,C)/D, (15)

with

Σ± = {σ(~e, ~m) |~e · ~m = ±1, ‖~m‖ = ‖~e‖}. (16)
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Commutation relations in Weyl form:

eiαµq
µ

eiβνq
ν

= e−
i
2λ

2
PαµQ

µνβνei(α+β)µq
µ

(17)

A Lorentz covariant (regular) representation can be explicitly constructed

as follows:

On T ∗R2 consider the standard symplectic form

σ0 =

(
02 −12

12 02

)
. (18)

Associated to σ0 we have generators satisfying the CCR:

[Qi, Pj ] = iδij , [Qi, Qj ] = 0, [Pi, Pj ] = 0 (i = 1, 2). (19)

We regard the operators Qi, Pi (i = 1, 2) as acting on

H = L2(R2, d2s) (20)

through the Schrödinger respresentation.
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Rename these operators in the following way:

(X0, X1, X2, X3) ≡ (P1, P2, Q1, Q2). (21)

It then follows that

[Xµ, Xν ] = iσµν0 . (22)

Let L denote the Lorentz group, provided with the Haar measure dΛ.

Define the Hilbert space

Hq := L2(L ,H) ∼= L2(L ×R2, dΛ d2s). (23)

Elements Ψ of Hq are maps

Ψ : L −→ H = L2(R2, d2s)

Λ 7−→ ΨΛ. (24)

The inner product is defined as

〈Ψ,Φ〉Hq
:=

∫

L

dΛ〈ΨΛ,ΦΛ〉H. (25)
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Quantum coordinate operators

Let Ψ ∈Hq = L2(L ,H). Recall that ΨΛ ∈ H = L2(R2, d2s).

Define

(qµΨ)Λ := Λµν X
νΨΛ, (26)

as well as

(U(Λ)Ψ)Λ̃ := ΨΛ−1Λ̃. (27)

⇒
Lorentz covariance of the quantum coordinate operators:

U(Λ−1) qµ U(Λ) = Λµν q
ν . (28)

The above treatment can be easily generalized in order to obtain a set of

Poincaré covariant quantum coordinate operators.
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The Moyal product

CCR −→ [q, p] = i

Weyl form of the CCR:

ei(α1q+α2p)ei(β1q+β2p) = e−
i
2 (α1β2−α2β1)ei((α1+β1)q+(α2+β2)p) (29)

• Symplectic structure: σ(α, β) := α1β2 − α2β1, α, β ∈ R2

• Weyl generators: W (α) := ei(α1q+α2p) ∈ U(L2(R))

• Weyl algebra: W (α)W (β) = e−
i
2σ(α,β)W (α+ β)

• σ(α, β) = α ·Θβ, Θ−1 = −Θ = ΘT

• Relation between (Weyl) CCR and Moyal product f ?Θ g?
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F(f)(k) ≡ f̂(k) =

∫
dnx e−ik·xf(x),

F(g)(x) ≡ ǧ(x) =
1

(2π)n

∫
dnk eik·xg(x).

The idea of (Moyal-Weyl) quantization is the following (n = 2):

• f = F−1(f̂ )←→ f(x) = (2π)−2
∫
d2u eiu·xf̂(u).

• Replace exp(i(u1x1 + u2x2)) by W (u) = exp(i(u1q + u2p)).

• As W (u) ∈ U(L2(R)), the resulting operator “f(q,p)” is best

understood as an operator π(f), providing a representation of a

noncommutative algebra of functions (Moyal algebra).

• Define, for f in a suitable class, π(f) := 1
(2π)2

∫
d2uW (u)f̂(u).

Moyal product

We want to define a product f ?Θ g through the relation

π(f)π(g)
!
= π(f ?Θ g). (30)
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• In order to establish what is the star product, we need to compute

the product π(f)π(g).

• The relation π(f ?Θ g) = π(f)π(g) then implies that π is an algebra

homomorphism.

Result:

(f ?Θ g) (x) =
1

(2π)2

∫
d2u

∫
d2t f(x− 1

2
Θu)g(x+ t)e−iu·t

=
1

(2π)2

∫
d2s

∫
d2t f(x+ s)g(x+ t)e−is·Θ

−1t

=
1

(2π)2

∫
d2a

∫
d2b f(a)g(b)e2iσ(a−x,b−x). (31)
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The DFR algebra

Scalar quantum field on quantum spacetime

φ(q) =
1

(2π)3/2

∫
d3~k

2Ek

(
e−iqµk

µ ⊗ a~k + eiqµk
µ ⊗ a†~k

)
, (32)

H = Hq ⊗Fφ. (33)

. Definition of interaction terms requires an algebra closed under the

product of the eiqµk
µ

’s.

More generally, if we try to quantize functions (say f, f̂ ∈ L1(R4)) using

the Weyl prescription

f(q) =

∫
d4kf̂(k)eiqµk

µ

, (34)

we realize that we need to enlarge the space of functions to be quantized.
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• In the previous Moyal example, L1-functions f on phase space are

quantized to π(f) ≡ f(q̂, p̂).

• In the DFR case, exponentials eiqµk
µ

do not form a closed algebra.

• So we enlarge the class of functions to be quantized from L1(R4),

to C0(Σ, L1(R4)).

• The quantized functions will be denoted as f(Q, q).

• Following the same idea as in the Moyal example, we can induce a

star product on C0(Σ, L1(R4)).

• It is fixed by the following condition:

πDFR(f)πDFR(g)
!
= πDFR(f ? g). (35)
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More explicitly:

B For f ∈ C0(Σ, L1(R4)), consider the Fourier transform

f̂(σ, k) =

∫

R4

d4xf(σ, x)e−ikµx
µ

. (36)

B Let Qµν =
∫

Σ
σµνdE(σ) denote the (joint) spectral resolution of the

Qµν ’s.

B Then, for functions f such that f, f̂ ∈ C0(Σ, L1(R4)), define

πDFR(f) :=

∫

Σ

dE(σ)

∫

R4

d4kf̂(σ, k)eikµq
µ

. (37)

(f ?g)(σ, x) =
1

(2π)4

∫
d4a

∫
d4bf(σ, a)g(σ, b)e2i(a−x)µσ

µν(b−x)ν . (38)
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An equivalent expression in momentum space is given by the twisted

convolution “×”:

(f̂ × ĝ)(σ, k) =

∫
d4k′

(2π)4
f̂(σ, k′)ĝ(σ, k − k′)e i2kµσµνk′ν . (39)

Star product vs. twisted convolution

For f, g ∈ C0(Σ, L1(R4)) we have:

f ? g = (f̌ × ǧ)̂ = (2π)−4(f̂ × ĝ)̌ . (40)

Alternative point of view, of relevance for field theory

As in (34), to every function f with f, f̂ ∈ L1(R4) we can associate an

operator f(q) =
∫
d4αf̌(α)e−iαµq

µ

. Then, we want to make sense of

f1(q) · · · fn(q) = (f̌1 × · · · × f̌n)̂ (q). (41)
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Example (n = 2):

f1(q)f2(q) =

∫
d4α

∫
d4βf̌1(α)f̌2(β)e−

i
2αµQ

µνβνe−i(α+β)µq
µ

=

∫
d4α

[∫
d4α′f̌1(α′)f̌2(α− α′)e i2αµQµνα′ν

]
e−iαµq

µ

=

∫
d4α (f̌1 × f̌2)(Q,α)︸ ︷︷ ︸

∈Z(E )

e−iαµq
µ

. (42)

Repeating the process we can obtain a general expression for the twisted

convolution:

f1(q) · · · fn(q) =

∫
d4α(f̌1 × · · · × f̌n)(Q,α)e−iαµq

µ

. (43)
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Integrals

∫

q0=t

d3q F (Q, q) :=

∫
d3~x F (Q, (t, ~x)). (44)

∫
d4q F (Q, q) :=

∫
d4x F (Q, x). (45)

∫
dt

∫

q0=t

d3q F (Q, q) =

∫
d4q F (Q, q). (46)
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Using the twisted convolution, we can express both types of integration

by means of integral kernels:

f1(q) · · · fn(q) =

∫
d4x1 · · · d4xnf1(x1) · · · fn(xn)Cn(x1−x, . . . , xn−x)

(47)

Dn(x1, x2, . . . , xn; t) :=

∫

x0=t

d3~x Cn((x1 − x, . . . , xn − x)) (48)

Non-locality from space integration

∫

q0=t

d3q f1(q) · · · fn(q) =

=

∫
d4x1 · · · d4xnDn(x1, . . . , xn; t)f1(x1) · · · fn(xn) (49)
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Renormalization



Renormalization

Causality and the origin of UV

divergences



Dyson series

S =

∞∑

n=0

(−i)n
n!

∫
dt1

∫
dt2 · · ·

∫
dtnT (Ṽ (t1) · · · Ṽ (tn))

• T (A(t1)A(t2)) = θ(t1 − t2)A(t1)A(t2) + θ(t2 − t1)A(t2)A(t1)

• Non-relativistic QM: ok

• QFT: Ṽ (t) = −
∫
d3xLint(ϕ(x), ∂µϕ(x))

• Problem: multiplication of distributions
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Multiplication of distributions

Example

• f̂(k) =
∫
f(x)e−ikxdx

• f ∗ g(x) =
∫
dyf(y)g(x− y)

• (fg)̂ = (2π)−1f̂ ∗ ĝ

• δ̂(k) =
∫
dx δ(x)e−ikx = 1

• θ̂(k) = limε→0

∫
θ(x)e−ikx−εxdx = − i

k−iε

• (“θδ”)̂ (k) := (2π)−1δ̂ ∗ θ̂(k) = −i
2π

∫
dk′

k′−iε
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Introduce switching functions:

S(g) =

∞∑

n=0

(−i)n
n!

∫
dt1

∫
dt2 · · ·

∫
dtnT (Ṽ (t1) · · · Ṽ (tn))g(t1) · · · g(tn)

Causality condition

g1 < g2 ⇒ S(g1 + g2) = S(g2)S(g1)
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Generalization: Epstein-Glaser

Scattering matrix as operator valued distribution

S(g) =

∞∑

n=0

1

n!

∫
dt1

∫
dt2 · · ·

∫
dtnTn(t1, . . . , tn)g(t1) · · · g(tn)

Basic principles: COVARIANCE, CAUSALITY, UNITARITY

Causality condition, perturbatively:

{t1, . . . , tm} > {tm+1, . . . , tn} ⇒

Tn(t1, . . . , tn) = Tm(t1, . . . , tm)Tn−m(tm+1, . . . , tn)
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Example: QM

Define:

A′2(t1, t2) = −T1(t1)T1(t2),

R′2(t1, t2) = −T1(t2)T1(t1),

A2(t1, t2) = A′2(t1, t2) + T2(t1, t2),

R2(t1, t2) = R′2(t1, t2) + T2(t1, t2).

Using the causality condition, we obtain:

t1 > t2 ⇒ A2(t1, t2) = 0,

t1 < t2 ⇒ R2(t1, t2) = 0.
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A2 y R2: unknown, but with known support. A′2 y R′2: known.

Furthermore,

D2 := R2 −A2 ≡ R′2 −A′2.

Then, if t1 > t2, A2 = 0, so that

R2(t1, t2) = R2(t1, t2)− 0 = D2(t1, t2)

= R′2(t1, t2)−A′2(t1, t2) ≡ T1(t1)T1(t2)− T1(t2)T1(t1)

On the other hand, if t1 < t2, then R2 = 0. It follows that

R2(t1, t2) = θ(t1 − t2)

(
T1(t1)T1(t2)− T1(t2)T1(t1)

)
.
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From R2 we can now obtain T2, this leding to

T2(t1, t2) = R2(t1, t2)−R′2(t1, t2) = R2(t1, t2) + T1(t2)T1(t1)

= θ(t1 − t2)

(
T1(t1)T1(t2)− T1(t2)T1(t1)

)
+ T1(t2)T1(t1)

= θ(t1 − t2)T1(t1)T1(t2) + (1− θ(t1 − t2))T1(t2)T1(t1)

= T

(
T1(t1)T1(t2)

)
.
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Renormalization

BPHZ vs. Dim.Reg.



1-loop contribution to 4-point function in Φ4 theory:

Dimensional regularization:

JΓ(p) =
g2(µ2)4−D

2

∫
dDk

(2π)D
1

((p− k)2 −m2 + i 0+)

1

(k2 −m2 + i 0+)

=
ig2µ4−D

32π2
Γ

(
2− D

2

)∫ 1

0

dz

[
4πµ2

m2 − p2z(1− z)

]2−D/2

⇒
J (dim.reg)

Γ (p) =
ig2

32π2

[
−γE +

∫ 1

0

dz ln

(
4πµ2

m2 − z(1− z)p2

)]
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1-loop contribution to 4-point function in Φ4 theory:

BPHZ:

J (BPHZ)

Γ (p) =
g2

2

∫
d4k

(2π)4
(1− t0p)

1

[k2 −m2] [(p− k)2 −m2]

⇒
J (BPHZ)

Γ (p) =
ig2

32π2

∫ 1

0

dz ln

(
m2

m2 − z(1− z)p2

)
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2-loop contribution to 4-point function in Φ4 theory:

64 KAPITEL 8. DAS SUNRISE-DIAGRAMM

ten Äquivalenz zum Epstein-Glaser-Verfahren folgt, daß die zusätzlichen im BPHZ-Formalismus
enthaltenen Unterdiagramme keinen Beitrag zur Regularisierung des Gesamtdiagrammes bilden;
lediglich eine endliche Differenz der jeweiligen Resultate beider Regularisierungsverfahren, beste-
hend aus einem Polynom in den äußeren Impulsen des Gesamtdiagrammes und von der Ordnung
dessen Divergenzgrades, ist als Auswirkung eines solchen BPHZ-Teildiagrammes zulässig.

Ein Beispiel für diese unterschiedliche Klassifikation von Unterdiagrammen liefert das sog.
Sunrise-Diagramm der φ4-Theorie (Abb. 8.1). Als ein Diagramm mit zwei Vertices besitzt es
im Sinne von Epstein-Glaser kein divergentes Teildiagramm und kann folglich in einem Schritt
durch Taylorsubtraktion im äußeren Impuls regularisiert werden, während die Berechnung des
Prozesses nach der Waldformel zunächst die Bestimmung des Einflusses der Counterterme von
drei logarithmisch divergenten Unterdiagrammen erfordert. Im folgenden sei nun das Sunrise-
Diagramm mittels des modifizierten BPHZ-Verfahrens berechnet; die Modifikation gegenüber
dem klassischen BPHZ-Formalismus besteht nun und im weiteren zusätzlich - im Sinne der
Herausstellung der Äquivalenz zur Epstein-Glaser-Konstruktion - in einer Reduktion der zu be-
trachtenden Unterdiagramme auf solche im Sinne von Epstein-Glaser. Das explizite Ergebnis
für das betrachtete Beispiel sei dann zunächst mit dem aus der Dimensionalen Regularisie-
rung erhaltenen verglichen, bevor schließlich die Redundanz der Berücksichtigung der BPHZ-
Unterdiagramme demonstriert wird.

p ⇒

p-k-q

k

q

Abbildung 8.1: Sunrise-Diagramm

8.1 Berechnung mit dem modifizierten BPHZ-Verfahren

Die Regularisierung des quadratisch divergenten Sunrise-Diagrammes erfolgt durch direkte Tay-
lorsubtraktion des aus den Feynmanregeln erhaltenen Ausdrucks:

Σ̃(p) =
g2

6

∫
d4q

(2π)4

∫
d4k

(2π)4
(1− t2p)

1

(p − k − q)2 −m2

1

k2 −m2

1

q2 −m2
. (8.1)

Zur Ausführung der Impulssubtraktionen seien die Feynmanparameter in Hinblick auf deren
sukzessive Abfolge - beginnend mit der k-Integration - eingeführt; die Translation k → k+ (p−
q)(1− z) isoliert anschließend diesen ersten inneren Impuls. Mit einer redundanten Anwendung
des Operators (1− t0p) folgt für die entsprechende Integration:
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2-loop contribution to 4-point function in Φ4 theory:

8.3. BPHZ-REGULARISIERUNG NACH DER WALDFORMEL 69

8.3 BPHZ-Regularisierung nach der Waldformel

Der Einfluß der Counterterme der drei logarithmisch divergenten BPHZ-Unterdiagramme γ1 bis
γ3, welche jeweils nur zwei innere Linien enthalten, auf das Sunrise-Diagramm γ (Abb. 8.2) wird
innerhalb des klassischen BPHZ-Verfahrens durch die Waldformel (4.20) beschrieben. Da es sich
um überlappende Divergenzen handelt, tragen keine Vereinigungen von Unterdiagrammen zur
Menge F(γ) der Wälder bei, und mit

F(γ) =
{
/0, {γ}, {γ1}, {γ2}, {γ3}, {γ, γ1}, {γ, γ2}, {γ, γ3}

}
(8.16)

liefert die Waldformel für den Integranden Rγ des Gesamtdiagramms:

Rγ(p, k, q) = (1− t2p)Sγ

(
1−

3∑

i=1

t0pγiSγi

)
Iγ(p, k, q). (8.17)

q

k

l121

l122

l123

1 2
p ⇒

Abbildung 8.2: Gesamtdiagramm γ

Die Substitutionsoperatoren Sγ(i) symbolisieren für das mit ihrem Index bezeichnete Diagramm
diejenige Parametrisierung durch eine Basis dessen innerer und äußerer Impulse, welche die
Wahl des Standardimpulsflusses gemäß dessen Definition in Kapitel 4.2 vorschreibt. Letzterer
wird insbesondere durch die Festlegung der den einzelnen Linien des Feynmandiagrammes zu-
geordneten Widerstände bestimmt; allgemein liefern die jeweiligen Parametrisierungen folgende
Impulsflüsse lγ durch die einzelnen Linien des entsprechenden Diagrammes:

• Gesamtdiagramm γ:

lγ121 =
r122r123

r121r122 + r121r123 + r122r123
p− k − q,

lγ122 =
r121r123

r121r122 + r121r123 + r122r123
p+ k,

lγ123 =
r121r122

r121r122 + r121r123 + r122r123
p+ q, (8.18)

• Unterdiagramm γ1:

lγ1121 =
r122

r121 + r122
pγ1 − kγ1 ,

lγ1122 =
r121

r121 + r122
pγ1 + kγ1 ,

kγ1 = k +
r121

r121 + r122
q, (8.19)

F = {∅, {Γ}, {γ1}, {γ2}, {γ3}, {Γ, γ1}, {Γ, γ2}, {Γ, γ3}}
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RΓ(p, k, q) = (1− t2p)SΓ

(
1−

3∑

i=1

t0pγiSγi

)
IΓ(p, k, q)

= (1− t2p)
(

1

(p− k − q)2 −m2

1

k2 −m2

1

q2 −m2

− 1

[k2 −m2]2
1

q2 −m2
− 1

[q2 −m2]2
1

k2 −m2

− 1

(p− k − q)2 −m2

1

[(λq − µk)2 −m2]2

)
.
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Original, divergent integral: J div

Γ (p) =
∫
dk IΓ(k, p).

Regularized expression (BPHZ): JΓ(p) =
∫
d4k d4q RΓ(p, k, q)

Result:

JΓ(p) =
g2

6(4π)4

∫ 1

0

dz

∫ 1

0

dx
(1− 2z)(1− 2x)p2

(z − 1)(1− z + z2)
×

× ln

(
[z(1− z)(1− x) + x]m2

−xz(1− z)(1− x)p2 + z(1− z)(1− x)m2 + xm2

)
.
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QFT on DFR spacetime

Scalar quantum field on quantum spacetime

φ(q) =
1

(2π)3/2

∫
d3~k

2Ek

(
e−iqµk

µ ⊗ a~k + eiqµk
µ ⊗ a†~k

)
,

H = Hq ⊗Fφ.
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Renormalization

Taylor subtraction for QFT on DFR

spacetime



BPHZ and noncommutative QFT

B The breakdown of (Poincaré) covariance/causality/locality at the

Planck scale is a common feature of QFT most models on

noncommutative spacetimes.

B Given the strong implications of covariance and causality for

perturbative renormalization (Epstein-Glaser, BPHZ), one is naturally led

to question whether direct application of, say, Zimmermann’s forest

formula, is justified from a physical point of view.

B Previous work by Blaschke, Garschall, Gieres, Heindl, Schweda and

Wohlgenannt (2013) show that straightforward application of the Taylor

subtraction operator in scalar QFT based on Moyal product (Euclidean

signature) does not work, due to UV/IR mixing.

B In contrast, our calculations appear to suggest that in the original

version of scalar QFT on DRF quantum spacetime the Taylor subtraction

works, and leads to the correct large scale limit.
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Examples

Fish diagram



2nd order 2-point function (Φ3)

IΓ(k) λP = 0

|k|
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2nd order 2-point function (Φ3)

IΓ(k) λP set at mφ-scale

|k|
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2nd order 2-point function (Φ3)

JΓ(p) =
∫
dk IΓ(k, p)

4. CALCULOS A NIVEL DE UNO Y DOS LOOPS

0.0 0.2 0.4 0.6 0.8 1.0 Λp �10�35m �

Figura 4.2: Γ vs λp (m = 170Gev)

IΓ(p
0, |�k2|, λp) sea prácticamente igual a IΓ(0, |�k2|, λp) (ya que el efecto de p0 sobre IΓ(p0, |�k2|, λp)

solo se observa cuando |�k2| toma valores cercanos a p0). Por lo anterior, IrenΓ (p0, |�k2|, λp)

tendrá valores diferentes de cero, solo para valores de |�k2| cercanos a p0 con lo cual IrenΓ (p0, |�k2|, λp)

tendra un buen comportamiento conforme |�k2| → ∞. En la gráfica No.4.3 se observa el com-

portamiento de IΓ(p
0, |�k2|, λp) (en rojo), IΓ(0, |�k2|, λp) (en azul) y IrenΓ (p0, |�k2|, λp) (en negro),

donde m = 170Gev, la cual muestra el comportamiento anteriormente descrito.

200 400 600 800 1000 1200 E�Gev �

0.01

0.02

0.03

0.04

I��g 2
�Gev �

Figura 4.3: – IΓ(m = 170Gev),– IΓ(m = 0),– IrenΓ (m = 170Gev)

Conforme λp → 0 y k2 → ∞ el comportamiento para IrenΓ vendrá dado por
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Large scale limit

JΓ

4.1 Cálculo diagrama fish en φ3

IrenΓ (p0, |�k2|, λp →∞)
|�k2|→∞�−→ 3

(p0)2

(−2|�k2|3)|
(4.31)

Por otra parte, el efecto del parámetro noconmutativo λp modifica principalmente el valor
de IΓ(p

0, |�k2|, λp) para valores muy grandes de |�k2|. Si λp disminuye los efectos sobre IΓ se
observaran a partir de valores cada vez mas grandes de |�k2| (y viceversa). Ahora, teniendo en
cuenta lo anterior y ya que IrenΓ es prácticamente cero para valores grandes de |�k2| (ver gráfica
No. 4.3), podemos concluir que IrenΓ es prácticamente independiente del valor que tome λp (con
λp igual o menor a la longitud de Planck), lo cual garantiza la convergencia de Γ(p, q)ren, con-
forme λp → 0. Para poder observar el comportamiento asintótico de Γ(p, q), tomamos valores
muy grandes para λp en relación a la longitud de Planck, lo cual se observa en la gráfica No.
4.4, nuevamente m = 170Gev.

�19 �18 �17 �16
Log10�Λp �

��g 2
�

Figura 4.4: Γren Vs Log10[λp]

Con m = 170Gev, λp = 1,6x10−35mt, se tiene que Γren(p, q) ≈ 1,489g, donde g representa
la constante de acople presente en nuestro Hamiltoniano de interacción. Tomando un ajuste
para la gráfica No. 4.4 y realizando el mismo procedimiento para valores de masa entre 100
y 170Gev, se obtiene la gráfica No. 4.5, a partir de la cual se puede observar que el efecto
de la no conmutativa en el presente cálculo se observará siempre y cuando λp se establezca
aproximadamente por encima de los 10−19mt, si λp se establece cerca a la longitud de Planck,
los efectos de la no conmutatividad no serán observables.

En los dos casos antes mencionados (con y sin sustracción de Taylor) el integrando solo
presenta singularidades en el infrarojo cuando se consideran partı́culas no masivas, lo cual no
se tendrá en cuenta en nuestro trabajo.
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Sunrise diagram



2nd order 2-point function (Φ4)

Sunrise diagram
J. Phys. A: Math. Theor. 43 (2010) 035401 S Falk et al

pp

p-k-q

q

k

Figure 2. Sunrise diagram in the φ4 model

We illustrate the method by a number of significant examples in second and higher
orders.

4. Examples

We start with some classical examples from quantum electrodynamics and electroweak
interactions, the self-energy of the electron, the vacuum polarization and the vertex correction
at one-loop order, then mention briefly the case of the triangle anomaly. We finish with a
typical second-order, two-loop process and with some remarks about higher order processes,
which illustrate the simplicity of our alternative scheme. In all these examples the equivalence
to EG regularization proves the correctness of the modified BPHZ approach.

4.1. Quantum electrodynamics with electrons

In the original BPHZ framework, the self-energy of the electron reads

�(p) = − ie2

(2π)4

∫
d4k

(
1 − t1

p

) γμ(/p − /k + m)γ μ

[(p − k)2 − m2]k2
. (16a)

In the modified BPHZ approach, we introduce a Feynman parameter z, interchange integrations
and substitute k �→ q = k − zp so as to decouple internal and external momenta, to obtain

�(p) = − ie2

(2π)4

∫ 1

0
dz

∫
d4q

(
1 − t1

p

) γμ((1 − z)/p − /q + m)γ μ

[q2 − zm2 + z(1 − z)p2]2
. (16b)

This is easily worked out to be

�(p) = e2

16π2

∫ 1

0
dz[(z − 1)2/p + 4m] ln

(
m2

m2 − (1 − z)p2

)
. (16c)

The remaining freedom is made explicit by replacing m2 by an arbitrary squared mass μ2,

�(μ)(p) = e2

16π2

∫ 1

0
dz[(z − 1)2/p + 4m] ln

(
μ2

m2 − (1 − z)p2

)
. (16d)

One verifies that the choice

μ2 = 4πμ2
dim.reg e(1/2−γ ) (17)

reproduces (the finite part of) the result known from dimensional regularization, see e.g. [11].
Lowest order vacuum polarization in the original BPHZ is given by

�μν(p) = ie2

(4π)2

∫
d4q

(
1 − t2

p

)
tr

(
γμ

/q + m

q2 − m2
γν

/q − /p + m

(q − p)2 − m2

)
. (18a)

8
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Large scale limit

JΓ

4.2 Cálculo diagrama sunrise en φ4

�19 �18 �17 �16 �15
Log10�Λp �

���gxGev �2�

Figura 4.11: Γren Vs Log10[λp]

�20 �19 �18 �17 �16 �15
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Figura 4.12: Γren(p, q) Vs λp (m=– 170Gev, – 145Gev, – 120Gev, – 100Gev )
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Large scale limit, different masses

JΓ

4.2 Cálculo diagrama sunrise en φ4

�19 �18 �17 �16 �15
Log10�Λp �
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���gxGev �2�

Figura 4.11: Γren Vs Log10[λp]
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Figura 4.12: Γren(p, q) Vs λp (m=– 170Gev, – 145Gev, – 120Gev, – 100Gev )
log10 λP
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Final remarks

B The quantum spacetime model of Doplicher, Fredenhagen and Roberts

is a well-defined, conceptually appealing model, which is fully Poincaré

covariant.

B Upon application of localization states (“partial trace over quantum

spacetime degrees of freedom”) we obtain non-nonlocal field theory

models.

B Although the Feynman integrals for quantum fields on DFR spacetime

can be finite, the correct large scale limit requires renormalization.

B Taylor subtraction following BPHZ in commutative cn be applied to

DFR spacetime. This talk: explicit (numerical) computations.

B Rigorous approach to renormalization: see next talk by G. Morsella!
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