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Almost commutative geometry

An almost commutative geometry M x I is the product spectral triple of a
canonical triple with a finite spectral triple (Ar, Hr, Dr), given by

(A=C*M)® Ap,H=L*(S,M)® Hp,D = §®Ir + yu @ Dr).

» For standard model, we set Ap = Agsnr := C @ H @ M3(C), which acts
on the Hilbert space Hr = C% of elementary fermions.

> Dp is a 96 x 96 matrix, acting on Hp, with its entries being masses of
elementary fermions, CKM matrix, and neutrino mixing parameters.

» Further, Jys, Jr, and J := Jyr ® Jp, respectively, denote the real
structures on the Hilbert spaces L?(S, M), Hr, and H.

» And similarly, yar, vr, and v := ym ® yr, respectively, denote the
gradings on these Hilbert spaces.

» Fermionic fields are the (Grassmannian) elements of the Hilbert
subspace

HY ={y |y =1, ¥ e}



» Bosonic fields arise as a connection 1-form w, obtained via
fluctuations of the metric given by D — Dy, := D + w + JwJ ™!, where
the generalized 1-form is

w=w"€Np(A) = {Zaj[D,bj] taj,b; € A}
J

» Particularly, for an almost commutative geometry, it takes the form
w:7kl®¢+’7u®f4u7 and D, :a®HF +7M®BH+75®¢'7

where ¢ € A is a scalar field on M and the 1-form A, € u(Ar) are
the gauge fields. Further, we define

B, :=ad(A,) = A, — JrA,Jp" and ®:=Dp+ ¢+ JropJp'.

» The spectral action is a functional of the gauge field, given by

sl = Ter (52),

where f is a smooth approximation of the characteristic function of the
interval [0, 1] and A is a real cutoff parameter.



Twisting the geometry to build models beyond SM

» Remarks: The Higgs mass problem, vacuum instability, the desert
hypothesis, and extending the Standard Model...

» Twist was introduced by Connes and Moscovici (2008),1 for purely
mathematical reasons, before the detection of Higgs (2012).

» One replaces the boundedness of the commutator [D, a] with the
boundedness of the twisted commutator, for some p € Aut(A),

[D,al, := Da — p(a)D, (VYa€ A).
» For an almost commutative geometry, the twisted fluctuation,
D — D, :=D+wy+ Jw,J ',

generates a vector field X,, and a scalar field o.

» The interpretation of X, is yet to be understood well. ¢ cures the
Higgs mass problem for NCG, and is also anticipated by particle
physicists to resolve the vacuum instability of Higgs.

LA. Connes and H. Moscovici, Type III and spectral triples, Traces in number
theory, geo. and quantum fields, Aspects Math. E38 (2008), no. Friedt. Vieweg,
Wiesbaden, 57-71.



Other approaches:

» T. Brzezinski, N. Ciccoli, L. Dabrowski, and A. Sitarz, Twisted reality
condition for Dirac operators, Math. Phys. Anal. Geo. (2016) 19.

» A.H. Chamseddine, A. Connes, W.D. van Suijlekom. Inner fluctuations
in noncommutative geometry without first order condition. J. Geom.
Phy. 73 (2013) 2227234.

» A. H. Chamseddine, A. Connes, W.D. van Suijlekom, Beyond the
spectral standard model: emergence of Pati-Salam unification. JHEP
11 (2013) 132.



Minimal twist of a closed Riemannian manifold?

Minimal twist

A minimal twist of a given spectral triple (A, H, D) by a unital C*-algebra
B is a twisted spectral triple (A ® B,H, D), with p € Aut(A ® B) such that
m(a®1g) = mo(a),Va € A, where m and 7o denote the representations for
(A® B,H,D), and (A, H, D), respectively.

Minimal twist by grading

Given a graded spectral triple (A, H, D;~), one can decompose its Hilbert
space into eigenspaces of the grading v: H = Hy ® H—_, and furnish a
representation for the algebra A ® C2 3 (a,a’) on H given by

(a,a) = pemoa) 4 pomo(a) = (D),

where p+ := 1(I & ) denote the projections on the eigenspaces of v, and
m+(a) ;= p+mo(a)|n, denote the restrictions on H+ of the initial
representation mp of A on H.

* The term ‘minimal’ refers to the fact that fermionic structure of the
theory is untouched.

2[Landi, Martinetti] On twisting real spectral triples by algebra automorphisms
(2016), Gauge transformations for twisted spectral triples (2017)



The case of a flat Riemannian manifold?

» Minimal twist by grading is the only possible minimal twist (by a
finite-dimensional algebra with faithful representation) of an even
dimensional closed manifold M, given by (C°°(M) ®C? L*(M,S), (?)p7

with the automorphism p(f, g) = (g, f),Y(f,9) € C°(M) ® C?, and the
representation, (dim(M) =: 2m),

wro = (M 00 ) wetnan = (70 ).

> The twisted 1-form w,, given by >/ a; [@,b4]p, is of the form:

) "0l 0
wp = —iy"Z,, where Z,:= (f 0’;9 QfGHZ’H2>’

for some (f, f'), (g,g") € C°°(M) ® C?. The self-adjoint twisted
fluctuation of the free Dirac operator @ associated to the commutative
manifold M, is parametrized by a vector field f, € C*°(M,R) as

P aﬂ = ‘3 +X= _i’Y”(au + fu’Ys)v
where X := —iy" X, with X,, = f.~°.

3[Dcvastato, Martinetti] Twisted spectral triple for the Standard Model and
spontaneous breaking of the Grand Symmetry (2014).



Theorem (Gilkey’s theorem?)
Given a differential operator P, acting on sections of a vector bundle V on

a compact Riemannian manifold M of dimension m with metric g, with
leading symbol given by the metric tensor. Thus, locally one has

P=—(¢""10,0, + A*d, + B),

where g'” plays the role of the inverse metric, I is the identity matriz, and
A, and B are endomorphisms of the bundle V. It can be uniquely written
in the form

P=V'V-E,

where V is a connection on V, with V*V the connection Laplacian, and E
is an endomorphism of V. Let I't,, be the Christoffel symbols of the
Levi-Civita connection of the metric g.

We set I'? := g"*I't,,. The explicit formulae for the connection V and the
endomorphism E are then of the form

/ / 1 v .
Vi=0u+w, wy= 59;“/(14” +I7-id),

with id the identity endomorphism of V', and

E = B — g" (8w, + wyw, — Th,w)).

4P. Gilkey, Invariance Theory, the Heat Equation and the Atiyah-Singer Index
Theorem (1984).



The case of a curved Riemannian manifold

» The free Dirac operator is @S = fm“vi, where Vﬁ =0, + wi.
» Its twisted fluctuation is §~ = —iy*V,y, where V, = 0, +w;; and

wy == ws + Xy, with X, = f,7° for some f, € C*°(M).
>

X\2 iz %
(@) = —(g""0u0v + 0”0 + ),

where ot = {iX,y"} 4+ 2¢""ws —T* and B = -~ — (™).

>

E=8—(g""Vu—T")w,

where V,, = 0, +w, and

1 v v 1 v .
wp = 5gur(@” +T )wa+§gw{v ;iX}
» Denoting A, := X, — p(X,), one has
1
Wu:wi(_g'V)\'YuA)\ Aag ‘/’:‘/’X"‘A'
E= 2y (FX 4+ DXAY 4 ALA Lpea
*577 we Dy A+ pBv ) =5 B

where X, = Vi w, — VXw) and Dp = 0, + [wyy, ]



U(1)-gauge theory from the two-point space®
The simplest nontrivial example of an almost commutative geometry is the
two-point space, which describes the U(1)-gauge theory of electrodynamics,
M x Fgp = (C*(M)@C*, L*(S,M) ® C*,#d @ L. +~° ® Dr),

where Ap = C?, Hr = C* = Span{er,ér, ér,er}, and

0d00
—_ [ dooo _ (02 I3 — (12 02
Dr = (000&)’ Jr = (112 Oz)cc7 TF = (02 7112)-
00d0
The algebra act via the representation

ntr) = (D) vheecTon,

with (mar(f)¥)(z) = f(x)(x), Vi € L*(S, M). And, the fluctuation of the
metric gives

D,=D+~+"Y, ®yr, where Y, € C(M,R).

5K. van den Dungen, W. van Suijlekom. Electrodynamics from Noncommutative
Geometry, (2011).



Minimal twist of the 2-point space

» A=C®(M)®C?=C®(M)®C>(M), and the grading is

I 02 QL 0
75®’7F:(gz _01122)@’(3%22 S]?z): <(02 70]182) E_OH2 (]?82)@12).
2 2

» The representation of minimal twist A ® C? 5 (a,a’) on H is given by

flz 02 )
I, O
" <02 F) %2 08 _ (mo(f.f)®I2  0Os
m(a,a’) = , = ) .
g'I2 02 0g  mo(g',9)®Iy
0s Ry
02 gl

» The free part. The self-adjoint twisted inner fluctuation of A1, of
M x Fgp is of the form

wn + JwarJ Tt = Y, @y — i7" X, @ L,
parametrized by two real fields Y, X,, € C°°(M,R) defined as
Y, = S(zu), Xu := R(2,)7°, for some 2z, € C=(M,C).

» The finite part Self-adjoint wr + JwrJ ' is of the form ¢ ® Dp,
where
¢ = (“"olzﬂ2 ¢2%2)7 for some 1,92 € C°(M,R).



The fermionic action®

» For the unitary R = 7% ® I € B(H) implementing the twist p on
H = L*(M,S) ® C*, a generic vector
&€ Hr :={y € Dom(D) : Ry = 1} is of the form

=1 ®er + Y2 ®@er+ Y3 ®erL + Ys ®er,

where 9, € L?(M, S) is a four-component Dirac spinor of the form

Py = (Zk) with a two-component Weyl spinor u, € L?(M, $)* and
k

{er,€r,€r,er} is the orthonormal basis for the finite dimensional
Hilbert space Hr = c*.

» We restrict the fermionic action ST to the Hilbert subspace Hr, on
which the bilinear form (Jv, D¢), is necessarily anti-symmetric. We
notice that

(J1, DY), = (Jo, RD) = (R'J9), D) = € (JR', Dg) = " (Jib, Dg).
Thus, (J¢, D), differs from (J¢, D) by a sign factor of €.

G[Dcvastato7 Fransworth, Lizzi, Martinetti] Lorentz signature and twisted spectral
triples (2018).



» One has

<J]V[’l/;k, Dx’(/~)1> = ﬂ};o‘z (Jjaj — ’ifo]lz) ur, where Dx := (? +4 X,

DN =

1 - -
§<JM1/)1¢7<I>¢1> =—(1+ PL—#2 3 ©2 )ukazul, where @ := 7}?; + ¢.

» The fermionic action S of the minimally twisted two-point space of
electrodynamics is given by

S <J£ Dpf> —ulaz (Jja —’Lfo]IQ)U3+u20'2 (038 —Zfo]lg)

NH

-1+ LA 3 S02)(du oous 4 dulogus).



» Comparing ST with the Dirac Lagrangian (in Minkowski spacetime),
Ly =01 640,V + 0", U —m(V U + 0Hw,),
and identifying the spinors as
iV =alos, Wy =us, iU =alos, Up=—u,

that is ¥ = ( ) =(22,) and ¥ = (O], 0L) = —i(aloz, @ho2),

YR —u4q
such identification gives us the following constraint:

0w =00 (45 ) = —ifo(i2) = —ifo( N, ) = —iforir¥,

which is nothing but the Dirac equation for a free spin-1/2 particle at
rest: O U = —i(E/h)v3 ¥, where fo = E/h, and, the solution is

1/JL(0)67iEt/h
v(t) = ) .
( ) <¢R(O)e+zEt/h
Further, if we set d := —ik for some k € R, then the mass term is

P1— P2
)

= k(1
m 1+ == 3



Conclusions:
» The twisted fluctuation of a 4D-manifold parametrized by a real vector
field X,, = f,+° is a purely geometric quantity.
> In case of a curved background, it couples with the curvature via the
Christoffel symbols, i.e. T (X, — p(X,)).

» Starting with a Riemannian twisted spectral triple, requiring that the
fermionic action obey twisted gauge transformations, one ends up
naturally with a fermionic action that is Lorentzian.

THANKS FOR YOUR TIME AND ATTENTION!
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