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Least Action Principle

@ Huge simplification: input symmetries — dynamics
@ But ...How do you choose symmetries?

e particle physics
e cosmology (inflation!)

‘ Spectral Action Principle
= [Ali Chamseddine, Alain Connes (1997)]

“The physical action only depends upon the spectrum of D.”
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Least Action Principle

@ Huge simplification: input symmetries — dynamics

@ But ...How do you choose symmetries?

e particle physics
e cosmology (inflation!)

‘ Spectral Action Principle s
= [Ali Chamseddine, Alain Connes (1997)] \"’
“The physical action only depends upon the spectrum of D.”

Tt (f(D/A)) + 3(JYIDly)
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Choose A = C*(M) ® (C & Ha M;3(C)) and you get ...
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@ EH term + Weyl term + cosmological constant + topological term,
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@ EH term + Weyl term + cosmological constant + topological term,
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@ EH term + Weyl term + cosmological constant + topological term,
@ dynamical terms of SM bosons,

@ Higgs sector, coupling between Higgs and gravity.
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Choose A = C*(M) ® (C & Ha M;3(C)) and you get ...
1
Sp = / Vadz <2R + a0CuwpeCHP7 + o + ToR* R* +
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@ EH term + Weyl term + cosmological constant + topological term,
@ dynamical terms of SM bosons,

@ Higgs sector, coupling between Higgs and gravity.

But ...

@ This requires Gilkey machinery ...

@ The simplicity of Tr f(D/A) is deceiving . ..
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Spectral Action in Noncommutative Geometry

SPRINGER BRIEFS IN MATHEMATICAL PHYSICS 27

Spectral Action in
Noncommutative
Geometry

@ Springer
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Outline

o The dwelling of the spectral action
@ Spectral triples
@ OP’'s
@ pdos
@ Dimension spectrum
@ Noncommutative integral
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@ From zeta functions to heat traces
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Outline

o The dwelling of the spectral action
@ Spectral triples
@ OP’'s
@ pdos
@ Dimension spectrum
@ Noncommutative integral

e Residues, expansions, and all that
@ Spectral functions and their transforms
@ Asymptotic expansions
@ From heat traces to zeta functions
@ From zeta functions to heat traces

e Spectral action and its fluctuations
@ Classes of cut-off functions
@ Asymptotic expansion of the spectral action
@ Fluctuations of the spectral action

o Summary
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Outline
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Spectral Triples

(A, H,D) - spectral triple
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(A, H,D) - spectral triple

@ A — unital involutive algebra
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@ D — a (possibly unbounded) selfadjoint operator on 7, such that
o [D,m(a)] extends to a bounded operator on H for all a € A,
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Spectral Triples

(A, H,D) - spectral triple

@ A — unital involutive algebra
@ H — separable Hilbert space with 7 : A — B(H)
@ D — a (possibly unbounded) selfadjoint operator on 7, such that

o [D,m(a)] extends to a bounded operator on H for all a € A,
o D has a compact resolvent —i.e. (D — \)~1 € K(H) for X ¢ spec(D).

Archetypical example

Let M be a compact spin Riemannian manifold and S be a spinor bundle over M.
Then, A= C>®(M), H = L*(M,S), D =P := —in*V5 is a spectral triple.
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Spectral Triples

(A, H,D) - spectral triple

@ A — unital involutive algebra
@ H — separable Hilbert space with 7 : A — B(H)
@ D — a (possibly unbounded) selfadjoint operator on 7, such that

o [D,m(a)] extends to a bounded operator on H for all a € A,
o D has a compact resolvent —i.e. (D — \)~1 € K(H) for X ¢ spec(D).

Archetypical example

Let M be a compact spin Riemannian manifold and S be a spinor bundle over M.
Then, A= C>®(M), H = L*(M,S), D =P := —in*V5 is a spectral triple.

@ Define D := D + Py, with P, — projection on ker D.
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Finite-dimensionality and regularity

Finite-dimensionality

The triple is said of dimension p (or p-dimensional) when

p:=inf{g>0| Tr|D|"? < 00} < o0.
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The triple is said of dimension p (or p-dimensional) when

p:=inf{g>0| Tr|D|"? < 00} < o0.

@ Can have 0-dimensional spectral triples with dim H = co.
(vide: ST on standard Podles sphere by L. Dabrowski & A. Sitarz (2003))
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The triple is said of dimension p (or p-dimensional) when

p:=inf{g>0| Tr|D|"? < 00} < o0.

@ Can have 0-dimensional spectral triples with dim H = co.
(vide: ST on standard Podles sphere by L. Dabrowski & A. Sitarz (2003))

Regularity

A spectral triple (A, H, D) is regular if

Vae A a,[D,a] € QN Dom 6™, where §' :=[|D], ].
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Finite-dimensionality and regularity

Finite-dimensionality

The triple is said of dimension p (or p-dimensional) when

p:=inf{g>0| Tr|D|"? < 00} < o0.

@ Can have 0-dimensional spectral triples with dim H = co.
(vide: ST on standard Podles sphere by L. Dabrowski & A. Sitarz (2003))

Regularity

A spectral triple (A, H, D) is regular if

Vae A a,[D,a] € QN Dom 6™, where §' :=[|D], ].

@ ¢’ gives a family of seminorms, commutatively: As ~ C*(M).
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Define: 6(-) := [|D|, -] and V(-) := [D?, -].
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Define: 6(-) := [|D|, -] and V(-) := [D?, -].
@ Remark: Dom ¢ = Dom ¢’ C B(H)

Introducing

OoP? := QN Dom 6", OP":={T € L(H)| |D|™"T € OP"} for r € R.

@ When T' € OP", we say that the order of T is (at most) .
@ We have OP” C OP® when r < s, OP" OP® ¢ OP"™*
@ and §(OP") c OP", V(OP") c OP" 1.

Theorem [A. Connes, H. Moscovici (1995)]

Let T € OP" for some r € R. Then, for any z € C and any N € N
N
D¥*TD™% =" (5) V{T)|D|™ + Ry (2), Rn(z) € OP"™~(NFD,
£=0
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Pseudodifferential calculus

P(A) := polynomial algebra generated by A, D, |D| and JAJ !, if J exists.

Michat Eckstein (KCIK & CC) (Non)perturbative Spectral Action Kolkata, 30 Nov 2018 10/28



Pseudodifferential calculus

P(A) := polynomial algebra generated by A, D, |D| and JAJ !, if J exists.

Given a regular spectral triple (A, #H, D), one defines
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Pseudodifferential calculus

P(A) := polynomial algebra generated by A, D, |D| and JAJ !, if J exists.

Given a regular spectral triple (A, #H, D), one defines

U(A):={T eL(H)|YNeN IPePA), ReOP ™, peN,
such that T = P|D|"? + R}.

e T is smoothing if T € OP™ " for all N € N, in which case T' € ¥(A).
o T € W(A)iff T —3, P|D|*™ c OP~Y for all N, with P, € P(A).

The set W(.A) is a Z-graded involutive algebra with W*(A) := ¥(A) N OP*.
One also has UC(A) := {T|D|* |T € ¥(A), z € C}.

Examples:

o a[D,b]|D|~3[D?,d Db € U4(A).
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Pseudodifferential calculus

P(A) := polynomial algebra generated by A, D, |D| and JAJ !, if J exists.

Given a regular spectral triple (A, #H, D), one defines

U(A):={T eL(H)|YNeN IPePA), ReOP ™, peN,
such that T = P|D|"? + R}.

e T is smoothing if T € OP™ " for all N € N, in which case T' € ¥(A).
o T € W(A)iff T —3, P|D|*™ c OP~Y for all N, with P, € P(A).

The set W(.A) is a Z-graded involutive algebra with W*(A) := ¥(A) N OP*.
One also has UC(A) := {T|D|* |T € ¥(A), z € C}.

Examples:
@ a[D,b)|D|3[D?,]D¢ € U(A).
@ Py and f(|D]) for f € S(R) are smoothing.
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Dimension spectrum — definitions

A regular spectral triple (A, H, D) of dimension p has a dimension spectrum Sd
if Sd C C is discrete and for any T' € W°(A), the function

Crp(s):=Tr T|D|=°,  defined for R(s) > p,

extends meromorphically to C with poles located in Sd.
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if Sd C C is discrete and for any T' € W°(A), the function

Cr.p(s):=Tr T|D|=%, defined for R(s) > p,

extends meromorphically to C with poles located in Sd.
We say that the dimension spectrum is of order k € N* if all of the poles of
functions (7 p are of the order at most k£ and simple when k = 1.
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A regular spectral triple (A, H, D) of dimension p has a dimension spectrum Sd
if Sd C C is discrete and for any T' € W°(A), the function

Cr.p(s):=Tr T|D|=%, defined for R(s) > p,

extends meromorphically to C with poles located in Sd.
We say that the dimension spectrum is of order k € N* if all of the poles of
functions (7 p are of the order at most k£ and simple when k = 1.

o If (A, H,D) is not finitely summable, then (; p does not exist.
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A regular spectral triple (A, H, D) of dimension p has a dimension spectrum Sd
if Sd C C is discrete and for any T' € W°(A), the function

Cr.p(s):=Tr T|D|=%, defined for R(s) > p,

extends meromorphically to C with poles located in Sd.
We say that the dimension spectrum is of order k € N* if all of the poles of
functions (7 p are of the order at most k£ and simple when k = 1.

o If (A, H,D) is not finitely summable, then (; p does not exist.
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Dimension spectrum — definitions

A regular spectral triple (A, H, D) of dimension p has a dimension spectrum Sd
if Sd C C is discrete and for any T' € W°(A), the function

Cr.p(s):=Tr T|D|=%, defined for R(s) > p,

extends meromorphically to C with poles located in Sd.
We say that the dimension spectrum is of order k € N* if all of the poles of
functions (7 p are of the order at most k£ and simple when k = 1.

o If (A, H,D) is not finitely summable, then (; p does not exist.
@ If (A,H,D) has an Sd, then (1 p is meromorphic for any T' € WE(A).

@ The extension of (7 p is in no relation with the extension of (; p.
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Dimension spectrum — examples

(Almost-)commutative geometry
If d = dim M, then SA(C*°(M), L?(M,S),P) = d — N and it is simple.
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(Almost-)commutative geometry
If d = dim M, then SA(C*°(M), L?(M,S),P) = d — N and it is simple.

Manifolds with conical singularities [J.-M. Lescure (2001)]
If d = dim M, then Sd(A,H,D) = d — N and of order 2.
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Dimension spectrum — examples

(Almost-)commutative geometry
If d = dim M, then SA(C*°(M), L?(M,S),P) = d — N and it is simple.

Manifolds with conical singularities [J.-M. Lescure (2001)]
If d =dim M, then Sd(A,H,D) = d — N and of order 2.

Fractals [A. Connes, M. Marcolli (2008)]

For (A, H, D) on the ternary Cantor set, Sd is simple and ——
log 2 o - mm

Sd: Og - 'L Z an an nn

log3 log3 neoun nnn
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Dimension spectrum — examples

(Almost-)commutative geometry
If d = dim M, then SA(C*°(M), L?(M,S),P) = d — N and it is simple.

Manifolds with conical singularities [J.-M. Lescure (2001)]
If d =dim M, then Sd(A,H,D) = d — N and of order 2.

Fractals [A. Connes, M. Marcolli (2008)]

For (A, H, D) on the ternary Cantor set, Sd is simple and ——
log 2 o = mm

Sd — Og - 7/ Z an nn an nn

log3 log3 neoun nnn

Standard Podles sphere [M.E., B. lochum, A. Sitarz (2014)]

For (Ay, Hq, D,) on the standard Podles sphere, Sd is of order 2 and

2

Sd=—-N+1 Z

log g

V.
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Noncommutative integral

Let (A, H,D) be a regular p-dimensional spectral triple with a dimension
spectrum. For any T € U¢(A) and any k € Z define

[k] [
][ T := Res s*"'¢rp(s), ][T 5:][ T = Res Cr.(s)-
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Noncommutative integral

Let (A, H,D) be a regular p-dimensional spectral triple with a dimension
spectrum. For any T € U¢(A) and any k € Z define

[k] [
][ T := Res s*"'¢rp(s), ][T 5:][ T = Res Cr.(s)-

@ If the dimension spectrum of (A, H, D) is of order d, then for s in an open
neighbourhood of any z € C we have the Laurent expansion

0 [—k]
o= 3 ][ DI (s - 2)F.

k=—d
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Noncommutative integral

Let (A, H,D) be a regular p-dimensional spectral triple with a dimension
spectrum. For any T € U¢(A) and any k € Z define

[k] [
][ T :=Res s*"'¢rp(s), ][T 5:][ T = Res Cr.(s)-

@ If the dimension spectrum of (A, H, D) is of order d, then for s in an open
neighbourhood of any z € C we have the Laurent expansion

0 [—k]
o= Y. f IO =2

k=—d

Let (A, H, D) be of dimension p and have a Sd of order d, then:
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Noncommutative integral

Let (A, H,D) be a regular p-dimensional spectral triple with a dimension
spectrum. For any T € U¢(A) and any k € Z define

[k] [
][ T :=Res s*"'¢rp(s), ][T 5:][ T = Res Cr.(s)-

@ If the dimension spectrum of (A, H, D) is of order d, then for s in an open
neighbourhood of any z € C we have the Laurent expansion

0 [—k]
(ro(s) = Z][ DI (s - 2)F.

k=—d

Let (A, H, D) be of dimension p and have a Sd of order d, then:

o If T € U (A), with » > p, then f[k] T =0 for any k > 1.
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Noncommutative integral

Let (A, H,D) be a regular p-dimensional spectral triple with a dimension
spectrum. For any T € U¢(A) and any k € Z define

[k] [
][ T :=Res s*"'¢rp(s), ][T 5:][ T = Res Cr.(s)-

@ If the dimension spectrum of (A, H, D) is of order d, then for s in an open
neighbourhood of any z € C we have the Laurent expansion

0 [—k]
(ro(s) = Z][ DI (s - 2)F.

k=—d

Let (A, H, D) be of dimension p and have a Sd of order d, then:

o If T € U (A), with » > p, then f[k] T =0 for any k > 1.

° f[d] is a trace on WC(A).
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Outline

© Residues, expansions, and all that
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Spectral functions

TP:={HeL(H)|H>0and Ve >0 Tr H P~ < oo, but Tr H "** =00}
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Spectral functions

P:={HeLM)|H>0and Ve>0 Tr HP~° < oo, but Tr H 7 = o0}
Let H € TP and K € B(H):

@ Spectral zeta function:

Crom(s)i=Tr KH* = Tr(P,(H)K) A, (H)™*, for R(s) > p.
n=0
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Spectral functions

P:={HeLM)|H>0and Ve>0 Tr HP~° < oo, but Tr H 7 = o0}
Let H € TP and K € B(H):

@ Spectral zeta function:
Crom(s)i=Tr KH* = Tr(P,(H)K) A, (H)™*, for R(s) > p.
n=0

@ Heat trace:

Tr Ke™" = " Tr(P,(H)K) e” " for t > 0.

n=0
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Spectral functions

={HeL(MH)|H>0and Ve>0 Tr H P~ “ < oo, but Tr H 7 =00}
Let H € TP and K € B(H):

@ Spectral zeta function:
Crom(s)i=Te KH™* = Tr(P,(H)K) A, (H)™*, for R(s) > p

@ Heat trace:

BN " Tr(Py(H)K) e for t > 0.

/ Use:

ot H - @ Mellin transform 9

f\) @ Laplace transform £

Michat Eckstein (KCIK & CC) (Non)perturbative Spectral Action Kolkata, 30 Nov 2018 15 /28



Heat traces from heat kernels — differential case

Theorem [Gilkey (2004)]

Let be a positive elliptic differential op H of order m acting on a vector bundle E
over a closed d-dimensional Riemannian manifold M and let K € C°°(End(FE))

TrKe 1 I > an(K, H)th=d/m,
k=0
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Heat traces from heat kernels — differential case

Theorem [Gilkey (2004)]

Let be a positive elliptic differential op H of order m acting on a vector bundle E
over a closed d-dimensional Riemannian manifold M and let K € C°°(End(FE))

Corollary [Gilkey (2004)]

Cr,m admits a meromorphic extension to C with (possibly removable) simple
poles at s = (d — k)/m for k € N and

S:(E{_‘f)/m (T(s)Cx,m(s)) = ar(K, H).
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Heat traces from heat kernels — pseudodifferential case

Theorem [Gilkey, Grubb, Seeley, ... (7?)]

If H e U™ (M, E) is positive, elliptic with m > 0, then

o

(o)
Tre 'H 100 ag(H) t*=D/m Z be(H) 1" log.
k=0 £=0
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Heat traces from heat kernels — pseudodifferential case

Theorem [Gilkey, Grubb, Seeley, ... (7?)]

If H e U™ (M, E) is positive, elliptic with m > 0, then

o0

Tre tH ~ ar(H) gl dlfm 4 Z be(H) tf o5
£=0

Corollary [Gilkey, Grubb (1998)]

Cy admits a meromorphic extension to C with at most double poles at
s=(d—k)/m for k € N and

s (D)Ca(s)) = ax(H).  Res, (s +DI(s)C 1 (s)) = ~bo(H)
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Heat traces from heat kernels — pseudodifferential case

Theorem [Gilkey, Grubb, Seeley, ... (7?)]

If H e U™ (M, E) is positive, elliptic with m > 0, then

o0

Tre tH ~ ar(H) gl dlfm 4 Z be(H) tf o5
£=0

Corollary [Gilkey, Grubb (1998)]

Cy admits a meromorphic extension to C with at most double poles at
s=(d—k)/m for k € N and

s (D)Ca(s)) = ax(H).  Res, (s +DI(s)C 1 (s)) = ~bo(H)

oo

@ But what f(t) ~ ant~ " does really mean?
o &~ ;O 0 y
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Asymptotic expansions

Asymptotic scale

(¢r )k is an asymptotic scale at x if, for any &

er(z) # 0, for z # zo and Pr+1(x) = 0, (Pr(2))-
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Asymptotic expansions

Asymptotic scale

(¢r )k is an asymptotic scale at x if, for any &

er(z) # 0, for z # zo and Pr+1(x) = 0, (Pr(2))-

(Extended) asymptotic expansion

Let (¢x)ren be an asymptotic scale at 29 and g a complex function around zg.
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Asymptotic expansions

Asymptotic scale

(¢r )k is an asymptotic scale at x if, for any &

er(z) # 0, for z # zo and Pr+1(x) = 0, (Pr(2))-

(Extended) asymptotic expansion

Let (¢x)ren be an asymptotic scale at 29 and g a complex function around zg.
The function g has an asymptotic expansion with respect to () if there
exists (pi)ren such that

pk(l’) = Ozo(cpk(x))a Z pk = Ogy QON( )), for any N € N.
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Asymptotic expansions

Asymptotic scale

(¢r )k is an asymptotic scale at x if, for any &

er(z) # 0, for z # zo and Pr+1(x) = 0, (Pr(2))-

(Extended) asymptotic expansion

Let (¢x)ren be an asymptotic scale at 29 and g a complex function around zg.
The function g has an asymptotic expansion with respect to () if there
exists (pi)ren such that

pk(l’) = Ozo(cpk(x))a Z pk = Ogy QON( )), for any N € N.

In this case, we write
9(x) ~ Z pi(z
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Convergent expansions

In general, the expansion Tr Ket# " >0 pi(t) diverges for all t>0.
t

Examples from spheres
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Convergent expansions

In general, the expansion Tr Ket# " >0 pi(t) diverges for all t>0.
t

e Convergent expansion Tr Ke '# =37 ' p,(t) + Roo(t), for t € (0,7).

Examples from spheres
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Convergent expansions

In general, the expansion Tr Ket# " >0 pi(t) diverges for all t>0.
t

e Convergent expansion Tr Ke '# =37 ' p,(t) + Roo(t), for t € (0,7).
e Exact expansion Tr Ke~'# =3 p.(t), for t € (0,T).

Examples from spheres
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Convergent expansions

In general, the expansion Tr Ket# " >0 pi(t) diverges for all t>0.
t

e Convergent expansion Tr Ke '# =37 ' p,(t) + Roo(t), for t € (0,7).
e Exact expansion Tr Ke~'# =3 p.(t), for t € (0,T).

Examples from spheres

Let be the standard Dirac operator on S™, then
n
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Convergent expansions

In general, the expansion Tr Ket# " >0 pi(t) diverges for all t>0.
t

e Convergent expansion Tr Ke '# =37 ' p,(t) + Roo(t), for t € (0,7).
e Exact expansion Tr Ke~'# =3 p.(t), for t € (0,T).

Examples from spheres

Let be the standard Dirac operator on S™, then
n

o divergent:

k
On S2 we have Tre=tP3 " 2071 — 430 (*kll) 1—‘3213:22 k-
t !
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Convergent expansions

In general, the expansion Tr Ket# " >0 pi(t) diverges for all t>0.
t

e Convergent expansion Tr Ke '# =37 ' p,(t) + Roo(t), for t € (0,7).
e Exact expansion Tr Ke~'# =3 p.(t), for t € (0,T).

Examples from spheres

Let 7, be the standard Dirac operator on S™, then

o divergent:

2 —tp? -1 0o (=1)* Bokio 4k
On S? we have Tre—tP2 o 2t 4> o T T U

@ convergent, non-exact:

On 5% we have Tre~'P5 = YT¢=3/2 _ ¥T;=1/2 L Oy (e~1/%), for all t > 0.

Michat Eckstein (KCIK & CC) (Non)perturbative Spectral Action Kolkata, 30 Nov 2018 19/28



Convergent expansions

In general, the expansion Tr Ket# " >0 pi(t) diverges for all t>0.
t

e Convergent expansion Tr Ke '# =37 ' p,(t) + Roo(t), for t € (0,7).
e Exact expansion Tr Ke~'# =3 p.(t), for t € (0,T).

Examples from spheres

Let 7, be the standard Dirac operator on S™, then

o divergent:

2 —tp? -1 0o (=1)* Bokio 4k
On S? we have Tre—tP2 o 2t 4> o T T U

@ convergent, non-exact:
On 5% we have Tre~'P5 = YT¢=3/2 _ ¥T;=1/2 L Oy (e~1/%), for all t > 0.
@ exact:

On S* we have Tre~t1Pil* = 241 25> %Bgﬁz tk, for t € (0,2m).

V.
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From heat traces to zeta functions

Theorem [M.E., B. lochum (2018)]

Let H € TP, K € B(H).
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From heat traces to zeta functions

Theorem [M.E., B. lochum (2018)]

Let H € TP, K € B(H). Assume that

Tr Ke tH o Z pr(t),  with
k=0

d
pre(t) = Y [Y acnl(K, H)log"t]t 77

ze€Xr n=0

X = {Z S X‘ — Tl < %(2) < _T'k}
and > is absolutely conv. V¢t > 0,k € N.
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From heat traces to zeta functions

Theorem [M.E., B. lochum (2018)]

Let H € TP, K € B(#H). Assume that _ ()

Tr Ke tH o Z pr(t),  with
k=0

d S L
pu(t) = D [ awa(K H)loght] =5 17 5

ze€Xr n=0 ' .

b i i 1 R(2)
X ={z€X| —rpp1 <RN(2) < —11}
and Y is absolutely conv. V¢ > 0,k € N. N | '
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From heat traces to zeta functions

Theorem [M.E., B. lochum (2018)]

Let H € TP, K € B(#H). Assume that _ ()

Tr Ke tH o Z pr(t),  with
k=0

d S L
pu(t) = D [ awn(K H)loght] =5 17 5

z€Xr n=0 ' .

b i i 1 R(2)
Xp:={2€ X| —rpr1 <R(2) < —71%}
and Y is absolutely conv. V¢ > 0,k € N. b ' '
Then, (x,z has a meromorphic extension Lo : -
to C S N e
-n -n —r —ro
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From heat traces to zeta functions

Theorem [M.E., B. lochum (2018)]

Let H € TP, K € B(#H). Assume that _ ()

Tr Ke tH o Z pr(t),  with
k=0

d S L
pu(t) = D [ awn(K H)loght] =5 17 5

ze€Xr n=0

TR : L)
X ={z€X| —rpp1 <RN(2) < —11} ' ' '
and > is absolutely conv. V¢t > 0,k € N.

Then, (x,z has a meromorphic extension ' g ! '
to C with poles of order at most d + 1 and <o et v

PB(Cra) CX
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From heat traces to zeta functions

Theorem [M.E., B. lochum (2018)]

Let H € TP, K € B(#H). Assume that _ ()

Tr Ke tH o Z pr(t),  with
k=0

d S L
pu(t) = D [ awa(K H)loght] =5 17 5

ze€Xr n=0

TR : L)
X ={z€X| —rpp1 <RN(2) < —11} ' ' '
and > is absolutely conv. V¢t > 0,k € N.

Then, (x,z has a meromorphic extension ' g ! '
to C with poles of order at most d + 1 and <o et v
PB(Cx.m) C X and for any 2z € X and n, o ! '

Res (s — 2)" ['(s)Cr,u (s)
= (—1)"n! a, (K, H).
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From zeta functions to heat traces

Theorem [M.E., B. lochum (2018)]

Assume that (Zx g (s) :=T'(s)Ck u(s))

© (x m is meromorphic on C with
poles of order at most d.
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From zeta functions to heat traces

Theorem [M.E., B. lochum (2018)]

Assume that (Zx g (s) :=T'(s)Ck u(s))

© (x m is meromorphic on C with
poles of order at most d.

Q I (ri)ken C R, s.t. Zk g is regular
and integrable on R(s) = —ry.
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From zeta functions to heat traces

Theorem [M.E., B. lochum (2018)] Lo % : :
' SRRSO O O
Assume that (Zx g (s) :=T'(s)Ck u(s)) 4 ! P
i SSURROPPPRRIIN RO Ly ;
© (k. u is meromorphic on C with o S o
poles of order at most d. e . :
, JRTSSSOURRRRIN FR . »Y !
Q I (ri)ken C R, s.t. Zk g is regular o 3 i
and integrable on R(s) = —ry. A R PR
E E :, .................... ‘:ﬂ,(lm
i' .i ............................. if}'[zl) i
.i i i' ................. ‘:,),(20>
S
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From zeta functions to heat traces

Theorem [M.E., B. lochum (2018)] Lo % : :
' SRRSO O O
Assume that (Zx g (s) :=T'(s)Ck u(s)) 4 ! P
i SSURROPPPRRIIN RO Ly ;
© (k. u is meromorphic on C with o S o
poles of order at most d. e . :
, JRTSSSOURRRRIN FR . »Y !
Q I (ri)ken C R, s.t. Zk g is regular o 3 i
and integrable on R(s) = —ry. A e PR
©Q ForanykeN,t>0andn | ! 5
! ' [ N 0
EzeXk ljfzs (S - Z)n ZK,H(S) t* I l ............................. %,}.tzn I
is absolutely convergent. e L 0
B
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From zeta functions to heat traces

Theorem [M.E., B. lochum (2018)] e () ‘ :
Assume that (ZK,H(S) = I‘(S)CK,H(S)) . ..i i § ..... . ....... ‘ ________ i 5

© (x m is meromorphic on C with
poles of order at most d.

Q I (ri)ken C R, s.t. Zk g is regular
and integrable on R(s) = —ry.

©Q ForanykeN,t>0andn
EZGXk I}ZGZS (S - Z)n ZK,H(S) i
is absolutely convergent.

O lim |Zxa(z+iy®) =0, V. R Lt
M. —> 00
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From zeta functions to heat traces

Theorem [M.E., B. lochum (2018)] e () ‘ :
Assume that (ZK,H(S) = I‘(S)CK,H(S)) . ..i i § ..... . ....... ‘ ________ i 5

© (x m is meromorphic on C with
poles of order at most d.

Q I (ri)ken C R, s.t. Zk g is regular
and integrable on R(s) = —ry.

©Q ForanykeN,t>0andn
EZGXk I}ZGZS (S - Z)n ZK,H(S) i
is absolutely convergent.

QO lim |Zxpm(z+iy®) =0, VE. e
M. —> 00

Then, there exists an asymptotic expansion, with respect to the scale (t"*)y ,
_ d _
Tr Ke ' " tIJO ZZ.;O pr(t), pr(t) = ZzeXk [ano azn (K, H) lognt] =

Qo (K H) 1= {5 Res (s — 2)" Zi,a(s)-
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Outline

© Spectral action and its fluctuations
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Classes of cut-off functions

_ et
Tr Ke tH

Tr Kf(H/A)

inverse Laplace transform
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Classes of cut-off functions

}:71

Tr Ke tH Tr K f(H/A)

inverse Laplace transform

Theorem [Bernstein]

f is completely monotone (f € C*°((0,00),R) and (—1)" f(™(z) > 0) if and
only if f(z) = £[¢](x) for all z > 0 for a unique non-negative measure ¢ on R™.
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Classes of cut-off functions

_ et
Tr Ke tH

Tr Kf(H/A)

inverse Laplace transform

Theorem [Bernstein]

f is completely monotone (f € C*°((0,00),R) and (—1)" f(™(z) > 0) if and
only if f(z) = £[¢](x) for all z > 0 for a unique non-negative measure ¢ on R™.

C = {f=fr—f,fFecM| f(x) >0, for x> 0},

@ Need f €C, for f to be a Laplace transform.
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Classes of cut-off functions

_ et
Tr Ke tH

Tr Kf(H/A)

inverse Laplace transform

Theorem [Bernstein]

f is completely monotone (f € C*°((0,00),R) and (—1)" f(™(z) > 0) if and
only if f(z) = £[¢](x) for all z > 0 for a unique non-negative measure ¢ on R™.

C = {f=fr—f,fFecM| f(x) >0, for x> 0},

Co= (f=2idleC | ¥neN, [ salol() <)

@ Need f €C, for f to be a Laplace transform.

@ Need f € Cy to apply £ ! term by term in the expansion of Tr Ket %,
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Classes of cut-off functions

_ et
Tr Ke tH

Tr Kf(H/A)

inverse Laplace transform

Theorem [Bernstein]

f is completely monotone (f € C*°((0,00),R) and (—1)" f(™(z) > 0) if and
only if f(z) = £[¢](x) for all z > 0 for a unique non-negative measure ¢ on R™.

C = {f=fr—f,fFecM| f(x) >0, for x> 0},

Coim {f =2l eC | vnen, [ sdlol(s) < oo,
0
CP

{fecC | ff(x)=0,(xP)}, C = CyNCP, forp>0.

@ Need f €C, for f to be a Laplace transform.

@ Need f € Cy to apply £ ! term by term in the expansion of Tr Ket %,

@ Need f € CP for Tr f(|D|/A) < <.
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Asymptotic expansion of the spectral action

Theorem [M.E., B. lochum (2018)]
Let (A, H, D) be a p-dimensional spectral triple and T' € B(H).
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Asymptotic expansion of the spectral action

Theorem [M.E., B. lochum (2018)]
Let (A, H,D) be a p-dimensional spectral triple and T € B(H). Assume that,

_ d n —z
Tr Te~t P! tTO ZI;“;O pe(t),  pr(t) = ZZEXk [Zn:O az,n(Tv |D|) log t]t

and the series defining py(t) is absolutely convergent for any ¢ > 0 and any k € N.
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Asymptotic expansion of the spectral action

Theorem [M.E., B. lochum (2018)]
Let (A, H,D) be a p-dimensional spectral triple and T € B(H). Assume that,

_ d n —z
Tr Te~t P! tTO ZI;“;O pe(t),  pr(t) = ZZEXk [Zn:O az,n(Tv |D|) log t]t

and the series defining py(t) is absolutely convergent for any ¢ > 0 and any k € N.

Then, for any f = £[¢] € C; with r > p,

Tr Tf(|DI/A) Zi/)k w.r.t. the scale (A™"%)y,
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Let (A, H,D) be a p-dimensional spectral triple and T € B(H). Assume that,

_ d n —z
Tr Te~t P! tTO ZI;“;O pe(t),  pr(t) = ZZEXk [Zn:O az,n(Tv |D|) log t]t

and the series defining py(t) is absolutely convergent for any ¢ > 0 and any k € N.

Then, for any f = £[¢] € C; with r > p,

Tr Tf(|DI/A) Zi/)k w.r.t. the scale (A™"%)y,

with wk Z A? Z log A Z TR—TD a7m(T |D|)fzm n s

z€Xg n=0 m=n
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Asymptotic expansion of the spectral action

Theorem [M.E., B. lochum (2018)]
Let (A, H,D) be a p-dimensional spectral triple and T € B(H). Assume that,

_ d n —z
Tr Te~t P! tTO ZI;“;O pe(t),  pr(t) = ZZEXk [Zn:O az,n(Tv |D|) log t]t

and the series defining py(t) is absolutely convergent for any ¢ > 0 and any k € N.

Then, for any f = £[¢] € C; with r > p,

Tr Tf(|DI/A) Zi/)k w.r.t. the scale (A™"%)y,

with wk Z A? Z log A Z TR—TD a7m(T |D|)fzm n s

z€Xg n=0 m=n
d+1 (4]
e (D) = GF 3 Teom- ][ T|D|,
fom = fooo s % log" (s) d(b(s), [;(z) == Res (s — z)771I(s).

S=z
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Spectral action on the standard Podles$ sphere

The Podles sphere algebra is generated, for some 0 < ¢ < 1, by A = A*, B, B*
subject to the relations

AB =¢’BA, AB*=q ?B*A, BB*=q ?A(1-A), B*B=A(l1-¢’A).
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Dabrowski-Sitarz spectral triple is equipped with D, with the spectrum

pn(Dy) =clg "t —¢"™) and M, (|D,]) =4(n+1), neN.
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Spectral action on the standard Podles$ sphere

The Podles sphere algebra is generated, for some 0 < ¢ < 1, by A = A*, B, B*
subject to the relations

AB =¢’BA, AB*=q ?B*A, BB*=q ?A(1-A), B*B=A(l1-¢’A).
Dabrowski-Sitarz spectral triple is equipped with D, with the spectrum
pn(Dy) =clg "t —¢"™) and M, (|D,]) =4(n+1), neN.

Theorem [M.E., B. lochum, A. Sitarz (2014)]

Let f € C; for some r > 0 and denote k := 2’” . Then, for any ¢t > 0,

n

S(Dq, f, A) Z S acorimim YD)

k=0 j€Z n=0 m=0

X f—2k+nj,m (log A)nim Ai?kJrKj'
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Fluctuations of geometry

@ The spectral triples (A, H,D) and (A, H,Dy), with Dy = D + A are
equivalent for a suitable A = A* € B(H).
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Fluctuations of geometry

@ The spectral triples (A, H,D) and (A, H,Dya), with Dy =D + A are
equivalent for a suitable A = A* € B(H).

Theorem [A. Connes, A. Chamseddine (2006)]

Let (A, H, D) be regular and let A € U°(A). Then, VN € N* s € C,
N
[Dal™* = D™+ Ka(Y;5)|D|™* mod OP~(NFUTRE),

n=1

with K, (Y, s) € U="(A).
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Fluctuations of geometry

@ The spectral triples (A, H,D) and (A, H,Dya), with Dy =D + A are
equivalent for a suitable A = A* € B(H).

Theorem [A. Connes, A. Chamseddine (2006)]

Let (A, H, D) be regular and let A € U°(A). Then, VN € N* s € C,
N
[Dal™* = D™+ Ka(Y;5)|D|™* mod OP~(NFUTRE),

n=1

with K, (Y, s) € U="(A).

| \

Corollary

Let (A, H, D) be a regular p-dimensional spectral triple with a dimension
spectrum and let A € WY(A). Then, (A, H,Dy) will also be regular,
p-dimensional and possessing a dimension spectrum.

Michat Eckstein (KCIK & CC) (Non)perturbative Spectral Action Kolkata, 30 Nov 2018 26 /28



Fluctuations of geometry

@ The spectral triples (A, H,D) and (A, H,Dya), with Dy =D + A are
equivalent for a suitable A = A* € B(H).

Theorem [A. Connes, A. Chamseddine (2006)]

Let (A, H, D) be regular and let A € U°(A). Then, VN € N* s € C,
N
[Dal™* = D™+ Ka(Y;5)|D|™* mod OP~(NFUTRE),

n=1

with K, (Y, s) € U="(A).

Corollary

| \

Let (A, H, D) be a regular p-dimensional spectral triple with a dimension
spectrum and let A € WY(A). Then, (A, H,Dy) will also be regular,
p-dimensional and possessing a dimension spectrum.

@ The existence of an asymptotic expansion for Tre~*P! does not, in general,
imply one for Tre—*/Pxl.
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Fluctuations of geometry

@ The spectral triples (A, H,D) and (A, H,Dya), with Dy =D + A are
equivalent for a suitable A = A* € B(H).

Theorem [A. Connes, A. Chamseddine (2006)]

Let (A, H, D) be regular and let A € U°(A). Then, VN € N* s € C,

N
|Dal™* = DI + ) Kn(Y;5)|D|™* mod OP~(NHD=RE),
n=1

with K, (Y, s) € U="(A).

Corollary

| \

Let (A, H, D) be a regular p-dimensional spectral triple with a dimension
spectrum and let A € WY(A). Then, (A, H,Dy) will also be regular,
p-dimensional and possessing a dimension spectrum.

@ The existence of an asymptotic expansion for Tre~*P! does not, in general,
imply one for Tre—*/Pxl.

@ To use (p, we would need to know its behaviour on the verticals.
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Fluctuations of spectral action

Theorem [A. Connes, M. Marcolli (2008), M.E., B. lochum (2018)]

Let (A, H, D) be regular p-dimensional with a simple dimension spectrum and let
A e U0A).

4
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Fluctuations of spectral action

Theorem [A. Connes, M. Marcolli (2008), M.E., B. lochum (2018)]

Let (A, H, D) be regular p-dimensional with a simple dimension spectrum and let
A € U°(A). Assume, moreover, that

Tr e=1P4l = 37 cga+ aa(|Dal) 7% + ao(|Dal) + 0o(1),

where the, possibly infinite, series over « is absolutely convergent for all ¢ > 0.
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Fluctuations of spectral action

Theorem [A. Connes, M. Marcolli (2008), M.E., B. lochum (2018)]

Let (A, H, D) be regular p-dimensional with a simple dimension spectrum and let
A € U°(A). Assume, moreover, that

Tr e 1P = 37 cgar aa(|Dal) t™* + ao(|Dal) + 00(1),
where the, possibly infinite, series over « is absolutely convergent for all ¢ > 0.

Then, for any f € Cj with r > p,

lp—R(a)]
Tr f(|Da| /A) = ZAO‘/ 2 f(x)da ][ (a, D,D~' A) |D|™®

a€esSdt
0)[¢o(0) + Z u f@p ] +on,
k=1

where P, € U="(A) are polynomials in all variables and of degree n in A

4
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Fluctuations of spectral action

Theorem [A. Connes, M. Marcolli (2008), M.E., B. lochum (2018)]

Let (A, H, D) be regular p-dimensional with a simple dimension spectrum and let
A € U°(A). Assume, moreover, that

Tr e 1P = 37 cgar aa(|Dal) t™* + ao(|Dal) + 00(1),
where the, possibly infinite, series over « is absolutely convergent for all ¢ > 0.

Then, for any f € Cj with r > p,

lp—R(a)]
Tr f(|Da| /A) = ZAO‘/ 2 f(x)da ][ (a, D,D~' A) |D|™®

a€esSdt
0)[¢o(0) + Z u f@p ] +on,
k=1

where P,, € U~"(A) are polynomials in all variables and of degree n in A:

Py=1, Pi=—-aAD7!, P,=2(a+2)(AD 12+ 2A?D2

4
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Summary

@ Given an asymptotic expansion for a heat trace one obtains
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@ Given an asymptotic expansion for a heat trace one obtains

e a meromorphic extension of the corresponding zeta function,
e an asymptotic expansion of the spectral action for a class of cut-offs.

@ Such an expansion might

o have terms log-periodic oscillating with energy,
o have terms proportional to (log A)™ for any n € N,
e be convergent and exact for some range of energies.

@ One needs to study the fluctuations of geometry

e but this does not (usually) come for free. ..
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@ Given an asymptotic expansion for a heat trace one obtains

e a meromorphic extension of the corresponding zeta function,
e an asymptotic expansion of the spectral action for a class of cut-offs.

@ Such an expansion might

o have terms log-periodic oscillating with energy,
o have terms proportional to (log A)™ for any n € N,
e be convergent and exact for some range of energies.

@ One needs to study the fluctuations of geometry

e but this does not (usually) come for free. ..

@ Homework: What does it tell us about physics?
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@ Given an asymptotic expansion for a heat trace one obtains

e a meromorphic extension of the corresponding zeta function,
e an asymptotic expansion of the spectral action for a class of cut-offs.

@ Such an expansion might

o have terms log-periodic oscillating with energy,
o have terms proportional to (log A)™ for any n € N,
e be convergent and exact for some range of energies.

@ One needs to study the fluctuations of geometry

e but this does not (usually) come for free. ..

@ Homework: What does it tell us about physics?

Thank you for your attention!
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