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What and why?

1 Torsion is set to zero in GR

2 Palatini variation (metric and connection independent) confirms torsion-free
condition

3 vierbein-Einstein-Palatini (VEP)/Einstein-Cartan-Sciama-Kibble (ECSK) theory

4 Fermions, torsion and conformal transformation
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VEP/ECSK

Gravity is described in terms of independent variables (Palatini type) tetrads eIµ and
spin connection AIJµ [Kibble (1961), Sciama (1964), Hehl and Datta (1971)]

gµν = eIµe
J
ν ηIJ ,Γ

α
µν = eαI ∂µe

I
ν +AIµJe

J
ν e
α
I (1)

Torsion
Cααµ = Γαµν − Γανµ (2)

Action

S =
1

2κ

∫
|e|d4xF IJµν + SM (3)

Equations

δe : F IJαµe
α
I −

1

2
eJµF

KL
αβ e

α
Ke

β
L = κΘJ

µ (4)

δA : AIJµ = ωIJµ (e) + ΛIJµ (5)

Torsion
Cαµν = eαI ΛIJ[µ eν]J (6)
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Fermion

Fermion (ψ) [Hehl and Datta (1971)]

Spinor covariant derivative:

ψDµψ = ∂µψ −
i

4
AIJµ σIJψ . (7)

Action:

S[e,A, φ, ψ] = S[e,A] +

∫
|e| d4x i

2

[(
ψ̄γKeµK

ψDµψ

−(ψ̄γKeµK
ψDµψ)†

)]
(8)
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Fermion

On-shell spin connection

AIJµ = ωIJµ +
κ

8
ψ̄{γK , σIJ}ψeKµ (9)

On-shell torsion

OSCαµν =
κ

2
εIJKLψ̄γLγ5ψe

α
I eJµeKν . (10)

Non-linear Dirac equation (NLD)

γKeµK∂µψ +
1

2
Cαµαe

µ
Kγ

Kψ − i

4
AIJµ eµKγKσIJψ = 0. (11)

If C is identified with OSC:

γKeµK∂µψ −
i

4
ωIJµ eµKγKσIJψ −

iκ

64
ψ̄{γK , σIJ}ψ{γK , σIJ}ψ = 0 . (12)

With a priori torsion-free condition

γKeµK∂µψ −
i

4
ωIJµ eµKγKσIJψ = 0 . (13)
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Einstein’s equation

R̂µν −
1

2
gµνR̂ = κT̂µν(ψ, ψ̄)− 3κ2

16
gµν ψ̄γIγ5ψψ̄γ

Iγ5ψ . (14)

Effective Lagrangian in torsion-free theory

LF =
i

2

(
ψ̄γKeµK∂µψ − ∂µψ̄γ

KeµKψ −
i

2
εIJKLω

IJ
µ eµK ψ̄γLγ5ψ

−3iκ

8

(
(ψ̄γ5ψ)2 − (ψ̄ψ)2

))
. (15)
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Conformal transformation

Torsion-free Dirac equation is invariant; NLD is not under conformal transformation

(gµν → Ω2gµν , ẽ
I
µ = ΩeIµ, ψ → Ω−

3
2ψ) [Chakrabarty and Lahiri (2018)]

Ω−
5
2

(
γKeµK∂µψ −

i

4
ωIJµ eµKγKσIJψ

)
− iκ

64
Ω−

9
2 ψ̄{γK , σIJ}ψ{γK , σIJ}ψ = 0 .

(16)

How should torsion (spin connection) behave under conformal transformation?

Off-shell:

Nieh-Yan theory [Nieh and Yan 1982] AIJµ → AIJµ
Invariant torsion AIJµ → AIJµ + (eIµe

Jα − eJµe
Iα)∂α ln Ω

On-shell: Dynamically generated torsion → NLD
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Conformal properties of torsion

General off-shell transformation

AIJµ → AIJµ + ξ
(
eIµe

Jν − eJµeIν
)
∂ν ln Ω (17)

ΛIJµ → ΛIJµ − (1− ξ)
(
eIµe

Jν − eJµeIν
)
∂ν ln Ω , (18)

ξ = 0: Nieh-Yan theory
ξ = 1: Invariant torsion

General conformal transformation of torsion

Cαµν → Cαµν + (ξ − 1)δα[µ∂ν] ln Ω (19)

Dirac equation is invariant with the general transformations

Gravity is different for different ξ!

R→ Ω−2{R− ξ{6gµν∇µ∇ν ln Ω

− 6(∇µ ln Ω)(∇µ ln Ω)}} . (20)
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Summary

On-shell torsion breaks conformal invariance

Off-shell transformations correspond to different theories of gravity

Multiple fermions
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Thank You!
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