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What will this talk be about?

Conformal Field Theory techniques to attack Scattering Amplitudes in
theories of Gravity/String Theory.

Based on work with A. Bissi, E. Perlmutter.
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Scattering amplitudes

Scattering Amplitudes: One of the most important observables in any
quantum field theory.

R

H\
e A(g,s,t,u) depends on many things:
o Which particles you are scattering (their masses, charges, etc)

e The parameters of your theory g.
e The momenta of the particles being scattered:

= Ag,s, t,u)

P

s=—(p+p)? t=—(p—p)?’ u=—(pr—ps)’

@ They can teach us a lot about a theory!
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Scattering amplitudes in pure gravity

General Relativity: Einstein Hilbert Lagrangian

1
EEH[g] = GT\/\/ —gR

Consider a scattering process: g, = N + vV Gnhuw

Len = (0h)? + v/ Guh(dh)? +

Scattering of gravitons:

Silder . .
Q(Q’@ OM@ o UV divergences: the gravitons get too
I
&%Q}W close to each other!
C O(%}’
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String theory and UV divergences

@ Replace gravitons by closed strings of finite length v/
Point particles Strings

| —
=)

R

o At low energies, p> < 1/a’ we recover GR (or SUGRA).

VS

GR as an effective field theory

L = (8h)2 + +/ Gy (h(ah)2 + a’1/2h2(8h)2 + O/h(ah)?) 4. )

@ At high energies stringy corrections give a UV completion of GR!
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String theory scattering amplitudes

@ In string theory we have two parameters

0

@ We would like to compute scattering amplitudes

AN

= Algs, o, s, t, u)
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String theory scattering amplitudes

@ The computation organises in a genus expansion

A(genus 0)(0/7 s, t, u)+g52A(genus 1)(0/7 s, t, u)_i_gﬁA(genus 2)(0/, s, t, u)_|-. ..

At genus zero and in flat space: Virasoro-Shapiro amplitude

M(— 22N (=25 (—24)

A(genus 0)(0/757 t, U) _ i - i
M1+ %)I‘(l + QT)I-(l aF %)

@ Even in flat space higher genus terms are notoriously hard to
compute! For curved space time, we have not idea how to do this!
@ We will use an alternative approach.
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Our warhorse

AdS/CFT duality

String theory on AdSs x S° <« Quantum field theory living in the 4d
boundary of AdSs

@ N = 4 Super conformal Yang-Mills,
g G with SU(N) gauge group.

@ Most symmetric 4d theory!

Parameters: g5 and R. Pameters: gyy and M.
Dictionary
1 R?
_ ~ _ 2 —
8s = N o gimN = VA
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AdS/CFT duality

String amplitudes on AdSs x S° ¢ correlators of local operators!

/

A( s, t,u) < (O(x1)O0(x2)O(x3)O(xa))

g&ﬁ?
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String Amplitudes on AdSs x S° Correlators in NV =4 SYM

Genus expansion 1/N expansion
Stringy corrections to Sugra 1/ corrections
Graviton on AdS Os: protected scalar of dim. 2

in the stress-tensor multiplet
KK modes on S° O,: protected ops of dim. p

e Compute (O2(x1)O02(x2)O2(x3)O2(xa)) ina 1/N and 1/A
expansion.

@ Recently made possible thanks to the analytic bootstrap!
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Analytic bootstrap

Four-point function of identical operators:

G(u,v)
2Ao 2A
Xiy O X34 0

(O(x1)0(x2)O0(x3)O(xa)) =

2 2 2 2
X{pX X{4X:
where y = &3¢ v = 23

2 .2 2 2
X13%24 X13%04

Conformal partial wave decomposition

e OPE: O x O =}, O; + descendants

_ 2
g(uv V) Z Ca gA,E(uv V)

Oa,e

~—~
OPEcoef. conformal blocks
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Analytic bootstrap

Crossing symmetry

Highly non-trivial equation!

VA9 "R ugn e, v) = uBO > R g u(v, u)
AL AL
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Numerical vs Analytic bootstrap

Study this equation in different regions, u = zz,v = (1 — z)(1 — 2)

@ In the Euclidean regime Z = z*.

@ We can study crossing around
u—=yv-=— %

@ Starting point of the numerical
bootstrap.

@ In the Lorentzian regime z, Z are independent real variables and we
can consider u,v — 0.

e Starting point of the analytic (light-cone) bootstrap!
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Analytic bootstrap

o In Minkowski space we can have x3; — 0, x23 # 0 (small v, any u)
@ When some operators become null-separated the correlator
develops singularities:

x T2
' )

: o
T4 T3

@ The whole correlator can be reconstructed from these singularities!

LSPT /Inversion formula

G(u,v) = /dude(u, v)sing[G(u, v)] + ambiguities

@ Hence the spectrum and OPE coef. of intermediate operators.
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Example: Generalised free fields

@ Simplest solution: - Generalised free fields (CFTs at N = o0)

A
GO(u,v) =1+ (%) © 4yl ’

Intermediate operators

1+ (5>AO + uPe
/ V
f
Identity operator Double trace operators
I oa"o,, ---0,,0

e Let's include 1/N? corrections to this!
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Large N CFTs

Large N CFT in D-dimensions Gravitational theory in
(GFF + corrections) AdSp1

Ni expansion in CFT <« genus/loops in AdS

G = + + + + +...

\ J | - 7 | - 7
NO 1/N? 1/N*
@ Direct computations in AdS are hard...Let's use CFT!
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Large N holographic CFTs

1 1
g(ua V) = g(O)(u’ V) + Wg(l)(U, V) + WQQ)(U, V) + e

Two Sources of corrections

@ Double trace operators will acquire corrections:

Dpy—1 = 2Ao+2n+N2’y,(,lg—|—

_ o ow
dnt = an,£+N2 n€+

@ We can also have new intermediate operators at order 1/N2.

Which corrections are consistent with crossing symmetry and the
structure of (null) singularities?
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Large N holographic CFTs

Exchange solutions

In large-N CFT'’s dual to gravitational theories we always have the stress
tensor! (dual to the graviton)

1
Ox0=1+[0,0],,+ N2T
@ This produces a well defined divergence in the null-limit:

hr(u)
Wy, y) o T
G V) ~ TR

@ From the divergences we can fix 7( e), (l)l

@ This solution corresponds to AdS grawton exchange

G (u,v) ~
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Large N holographic CFTs

Truncated solutions

@ In addition we can have special solutions consistent with no extra
null divergence (corresponding to the ambiguities).

° fyrglg), af}g vanish to all orders in 1//!

@ But! we can have solutions with finite support in the spin.

@ Truncated solutions <> local interactions in the AdS bulk.

(1)

trunc(u7 V) ~
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Large N holographic CFTs

1 1
G(u,v) = GOu,v) + Wg(l)(u, v) + Wg(z)(u, v) |+

o Null divergences at order 1/N* arise from the square of the
anomalous dimension:

2
G®(u,v) ~log? v (75,12) Ogne(v, v)
nt

2
o Given <7,(712> we can reconstruct g(2)(u, v)!
(7(1))2 — ( (1) (1) )2 () (}) (1) (1) (1) (1)

’Ygrav + Ytrunc grav X 'Yg av +’7grav X Yerunc +7trunc X Ytrunc

leads to the following contributions
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Contributions to order 1/N*
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Double expansion in N' = 4 SYM

N = 4 SYM falls into this category! with the following structure

1 1
GO (u, v) g;}}w u,v) (1 (u,v) )+ ~i gﬁz“ u,v) (2> (u,v) >

We can compute all these contributions!
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Mellin space

The string amplitude in AdSs x S° is M(s, t, u)

G(U, V) = /ioo dsdtUsVEM(s, t, u)l2(2 — s)M2(2 — t)M2(2 — u)

—ico

where s+t +u =2
e Crossing symmetry — M(s, t, u) is completely symmetric.

e Gravity solution — M(s, t, u) a meromorphic function:

(1) _ !
B (G

@ Truncated solutions/stringy corrections — M(s, t, u) is a
polynomial. Nice basis

o=+ 2+’ o3=s>+t4+4°
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Mellin space

Genus zero expansion:

1
(s— Dt~ Du—1)

b

gravity RA I*RA IORA

MIens O(g ¢ o) = +aa+a’® (boy + by) + o' (cos + croa +c2) + -+

Flat space limit: s, t,u — 00,0’ — 0 with sd/, ta/, ua’ ~ fixed

Genus 0 flat space limit

1
Mjgenus 0(57 t, u) N ; + o/3a+ 0/5b0'2 + 0/6CCT3 = VS amplitude
u

@ by, ¢y, ¢ are curvature corrections.
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Mellin space and flat space limit

o Meemus L(s t u) is a mess but we are able to compute it!

Genus-one string amplitude on AdSs x S° in a o’ expansion

enus 1 13 p g8enus 1 /5 p g8enus 1
MgV (st u) + o Mg 7™ “(s, t,u) + Mg 5~ (s, t,u) + -+

@ In the flat space limit they simplify a lot!

MEV? Y(s,t,u) — Box function in 10D
ME (st u) — s*logs+ t*logt + utlogu
_)

M3"™ (s t,u) (87s® + s*(t — u)?)log s

+(87t% + t*(u — 5)*) log t
+(87u® + u*(s — t)?) log u

@ Agrees exactly with the known results! [Green, Russo, Vanhove]
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Conclusions

@ We have developed an efficient machinery to study 1/N corrections
to holographic correlators (in various dimensions).

@ We have provided the first genus one computation of a string
theory amplitude in curved space-time.

@ We can answer detailed questions, such as the structure of UV
divergences, and in the flat space limit we recover the known
structure.

@ Can we now start asking quantitative questions about quantum
gravity/string theory on curved spaces?
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